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ABSTRACT

Let SLa be the three-fold cover of SLz. We prove there is a lifting
of the genuine automorphic representations of SL2 to the automorphic
representations of SLy, using a relative trace formula.

1. Introduction
Let F be a number field, A its adele ring. We will assume that F contains the
cubic roots of 1. Let G be the group SLy, G be the three fold cover of G. An
element in G has the form (9,¢) with g € G and ¢3 = 1. In this paper, we study
the cubic lifting from the set of cuspidal genuine representations of G to the set
of cuspidal representations of G. The automorphic representations are assumed
implicitly to be irreducible.

A cuspidal representation 7 = ®m, of G is a cubic lift of a cuspidal genuine
representation 7’ = @, if for almost all finite places v, m, = my(] - |**) and

! =l (|- |**/%), where s, is some complex number (§6).
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This cubic lifting is first studied in [G-R-S]. There the authors use the fact
that G and G consist a dual pair in an exceptional group of type Gg, i.e. G x G
is a subgroup inside the three fold cover Gy of Gy, with G and G satisfying the
double centralizer condition. The cubic lifting is established by restricting the
g-module of G4, constructed in [S], to the subgroup G x G. We now recall their
result.

The symmetric cube representation of G: g — s3(g) has its image s3(G) in Sp.
Fix a nontrivial additive character ¢ on A/F. Let py be the Weil representation
of Spy (double cover of Sp;) associated to . It acts on S(A?) the space of
Schwartz functions on A2. Since Sp, splits over the subgroup s3(G), py restricts
to a representation of s3(G). For ¢ € S(A?), define for g € G(A):

(1) 05(s*(9) = 3 pu(s*(9))(X)-

X€eF?

We say a cuspidal representation 7 of G is ©-distinguished (relative to 1) if there
exists f € m, ¢ € S(A?), such that

@) POH=[ el a)rads
G(FN\G(A)
is nonzero. It is shown in [G-R-S] that a ©-distinguished cuspidal representation
 is a cubic lift of some cuspidal representation 7' of G.
Our approach to establish the cubic lifting is by using a trace identity. Write

n(t) for the element [ 1 i ] in G and 7(t) for the element (n(t),1) in G. Let

N, (N) be the group of elements n(t) (or 74(t)). Define characters on N and N
by 8(n(t)) = ¥(—3t) and 6'(7(t)) = ¥(t). Recall for f € C>°(G(A)), we have a
kernel function
Ke(z,y)= Y fla ')
YEG(F)

With above notations, we define the distribution:

(3) I(f,¢) = / / K(g,m)0%(s(9))8(n)dgdn.
N(F)\N(A) JG(F)\G(A)

On the other hand, let f’ € C°(G(A)) be an anti-genuine function, i.e. f'(g,£) =
£-1f(g,1). The group G(F) embeds in G(A) by g — (g,1). We may define for
T,y € G(A),

Kp(zy)= Y. f@t-y).

Y€G(F)
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One defines the distribution:

(4) J(f) = Kp (AT, 72)0' (72 - Rg)diydita.

/(N(F)\N(A))z

Our main result is that for matching functions f, ¢ and f’,

(5) I(f,¢) = J(f").

Here the concept of matching is as usual defined in terms of conditions over local
fields.

The spectral decomposition of I(f, ¢) is roughly a sum over the set of cuspidal
representations m of

(6) Le(f,0) =Y _ P(¢,7(£)pi) W, (€)
Pi
where {¢;} is an orthonormal basis for = and
@ Walo)= [ glug)o™ (wydn
N(F)\N(A)

is the Whittaker functional, W is the complex conjugate of W. Meanwhile, the
distribution J(f’) is roughly a sum over the set of cuspidal representations =’
of certain distributions J,+(f’). From equation (5), there will be identities be-
tween the (sums of) nontrivial distributions I';(f, ¢) and the (sums of) nontrivial
distributions J+(f'). The cubic lifting follows from these identities.

To be more precise, the cubic lifting obtained from (5) is a correspondence be-
tween L-packets of cuspidal representations (§6). An L-packet on G is said to be
O-distinguished if there is a representation in the packet which is ©-distinguished.
Recall that a CAP representation is a cuspidal representation which is near equiv-
alent to an Eisenstein series ([PS]). Assuming the CAP representations do not
exist for G, we show there is a bijection between O-distinguished L-packets IT on
G and generic L-packets II' on G, such that each representation 7 € II is a cubic
lift of any representation #’ € II'. In particular, any cuspidal representation 7’
of G has a cubic lift to a ©-distinguished representation on G. This is a result
that is missing in [G-R-S]. We note that the definitions of ©-distinguished and
generic depend on a fixed .

The trace identity (5) fits in a family of trace identities introduced in [M-R). In
[M-R], for a simple Lie group H; not of type A, we associate a reductive group Ho,
and define a distribution I{f, ¢) on H, by integrating the kernel function against
a Theta function as in (3) (here one needs an embedding of H, in a metaplectic



98 Z. MAO AND S. RALLIS Isr. J. Math.

group, see [M-R] for details). The trace identity then compares I(f, $) with a
distribution J(f’) on SLy or its covering. We provided some evidence of the trace
identities by showing the fundamental lemma. For the case at hand, H; is of type
G,. Here we work out the proof for the identity (5) in its entirety. This should
be considered as further evidence that the trace identities introduced in [M-R]
are valid.

In §2, we collect some preliminaries on the Hecke algebras. In §3, we study the
distributions I(f, ¢) and J(f’) and their spectral decompositions. The necessary
local identities are proved in §4-§5. We establish the cubic lifting in §6.

ACKNOWLEDGEMENT: We thank H. Jacquet and A. Nemethi for helpful discus-
sions. Mao would like to thank the Ohio State University and its Mathematics
Research Institute for their hospitality during his visit.

2. Hecke algebras

In this section, let F, be a local nonarchimedean field, R, be its integer ring,
P, be its prime ideal, @, be a uniformizer in P,. Assume that g, = |R,/P,| is
odd and equals 1 modulo 3. Since F contains the cubic roots of 1, for almost all
places v, g, satisfies this condition. In this section, we will drop the reference to

the place v. We will denote by d, the diagonal matrix I: “ o ]

We establish an algebra isomorphism between the Hecke algebras of G and G.

(2.1) Let T be the group of diagonal matrices in G. Denote by p(x) the repre-
sentation of G(F) induced from the character of TN:

don(z) — x{a).

Then p(x) contains a vector fixed under K = G(2, R) if and only if x is unrami-
fied; call ¢ such a K-fixed vector. Assume x(w) = ¢° with s a complex number.
For f in the Hecke algebra H of bi-K-invariant compactly supported functions
on G(F), we have

p()(He = A (s)e,

and f — f"(s) is an algebra homomorphism of H into C (Satake transform).
Any homomorphism of H into C has this form for some s.

Let f,, be the characteristic function of Kdem K. Then {fm|m > 0} is a basis
of H. Using the Iwasawa decomposition, we get

(8) KdonK = || n(2)deK

t=—m,...,m
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with z going through the cosets @' ™(R*/P™*t%) when i # m,—m, and z €

R/P?*™ when i = m, z =0 when ¢ = —m. It is then easy to see that
(9) fols)=1
and, when m > 1,
m—1 )
(10) fr/r\z(s) — qm(qms +q—ms) +qm(1 _ q—l) Z qzs.
1=1-m

(2.2) Let G = SLy be the three fold cover of SL(2). Any element in G can be
written as (g,£&) with g € G and £ € pg the set of cubic roots of unity. Denote
by (a,b) the cubic Hilbert symbol. Then the multiplicative law over G is

(91,&1) - (92, &2) = (9192, &1€20( 91, 92))

where « is certain cocycle we now describe. For

o=[2 4]

set z(g) = cif ¢ # 0 and z(g9) = d if c=0. Then

o) = (5555

With the assumption on F' at the beginning of the section, a is cohomologically
trivial on K = G(R). It is more convenient to use an equivalent cocycle
identically one on K x K. For g given as in the above, define s(g) = (¢, d) if
cd # 0 and the valuation of ¢ does not divide 3; let s(g) = 1 otherwise. Set

Blg1, g2) = g1, g2)s(g1)5(g2)s(g9192) ™"

and define the new multiplicative law over the set of G:

(91,&1) - (92, &2) = (9192, 1€28(91, 92))-

The map k — (k, 1) is then a homomorphism from K to G; we will again denote
by K its image. The Hecke algebra H' on G is the set of bi-K-invariant compactly
supported antigenuine functions on G.

(2.3) The subgroup T? consisting of elements (dgs,&) is a maximal abelian
subgroup in G. Denote by j(x) the representation of G(F) induced from the

character on T3 - N:

(s - n(z), €) = Ex(a®).
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The representation contains a K-fixed vector, necessarily with multiplicity 1, if
and only if x® is unramified {Ar]. Call v such a vector; assume x3(w) = ¢3° for
s a complex number. Then

pOO(f e = f N (s)p

for any f’ € H', and f' — f'"(s) is a homomorphism from H’ to C. Any
homomorphism from H’ to C takes this form.

Let f! be an anti-genuine function of G defined as follows: if (g,¢’) € G is of
the form

kl . (dwsmag) : k?aklakz € Kv

then f/,(g,&') = £71; the function equals 0 otherwise. The set {f;,|m > 0} is a
basis of H’. We now determine '/, (s). Recall

(11) 500 (L) = / POy
g (€gp3m,l):

Similar to (8), we have a decomposition:

(12) K (door,1)- K= || (n(2),6(2)) - dei - K

i=—3m,...,.3m
when i # 3m,—3m, z goes through the cosets w'=3™(RX /P3>+%) with £(z) =
(w',z); when i = 3m, z € R/P%™ and £(z) = 1; when i = —3m, z = 0 and
£(z) = 1. When i is not divisible by 3, £(2) # 1, the contribution from the set
(n(2),£(2)) - dgs - K to the integral (11) is 0. When 1 is divisible by 3, {(z) = 1;
thus from (11) we have

(13) fals) =1
and, when m > 1,

m—1

(14) Fa(s) = ¢@™@™ + ¢ ™) + ™1 —-g7) Y ¢

i=1l-m
(2.4) We have proved:

PROPOSITION 1: For s any complex number, f(s) = ¢~*™f'n.(s/3). There is
an algebra isomorphism from H to H' given by fm — ¢~ *™f',,.
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3. The distributions I(f,¢) and J(f’)
(3.1) Recall

15)  I(f.¢) = / / K4(g,)0(n)0% (3(g))dgdn
N(F)\N(A) JG(F)\G(A)
with

= > fl@lyy) and O5(s*9) = D pu(s*(9))¢(a,b).

YEG(F) (a,b)e F?

In [M-R}, we consider the unwinding of the integral I(f,¢). Let f = ®f, €
Ce(G(A)), ¢ = ®¢, € S(A?%). Define

(16) fo dul@y) = /G o PG )60,

The following proposition expresses I(f, ¢) in terms of local orbital integrals:

ProroOSITION 2:

1) 1(f,8) = Y [[1oaw, fox ¢0) + [LIF(Fo x 60) + [[ I (fo  60)

a€FXx v
where
t3 -3t
(18) Lo fowde) = [ fovastonn(= )
(19) Ij(fv*‘ﬁv) = fu*x¢y(0,%1).

For completeness, we include a formal proof of the proposition. As 63(33 (g9)) is
left G(F)-invariant, the integral (15) is

[ S (o™ m)B(m)6% (*(o))dgdn
N(FN\N(A) JG(FN\CG(A) L (r)

flg™'n)0(n)O% (5> (9))dgdn.

/G(A)xN(F)\N(A)
Change g — ng:

1(f,4) = / £(g™1)8(m)O% (% ()% (g) )dgdn
G(A)xN(F)\N(A)

- / 0779(s3(n))6(n)dn.
N(F)\N(A)
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Use the explicit formula for py(s*(n(t))) ([G-R-S]); we get
(20) I(f / > fxdlab+ at)p(a®t® + 3abt? + 3%t — 3t)dt.
(a byeF?

First consider the contribution to the above sum from the part a = 0, denoted
I,(f * ¢). Then

I(fx¢) = / 37 7% 6(0,b)p(36%t — 3t)at.
b€F

The integral over ¢ is nonzero only when b = +£1; as the integral over ¢ then gives
a factor of 1, we get

= [155(Fox b + [ 1o (fo  60)-

Denote by I{a, f *x ¢) the contribution to the sum in (20) from each a € F*.

Make a change of variable ¢t — =2; we get

o, f*4) = Zf v $(a ) ( ;3t)1p(_b3+3b)dt.

a
A/F peR

Since 1/)(—b +3b) 1,

I(a,f*sb)Z/Af*¢>(a,t)¢(t3;3t)dt.

Thus the proposition.

(3.2) We now consider the spectral decomposition of I(f,#). Our goal is to
show Proposition 3 at the end of this subsection.

At each finite place v, set K,, = G(R,) as in §2. At an infinite place v, let K,
be the unitary group in G. Let K =[] K,. For each idele class character ¥, let
V(x) be the space of functions ¢ on K such that

p(dan(z)k) = x(a)p(k), k€ K, dan(z) € K.

For each s € C, one may identify V(x) with a space of functions on G(A) by
extending a ¢ € V(x) to a function ¢(g,s) on G(A), with

o(dan(2)k, 5) = x(a)lal** p(k), k€K
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The group G{A}) acts on V{x) by right shift. We get a representation denoted

as ps(x)-
From [L], we have

(21) Ki(z,y) =Y Kep(z,y)+ > Ky p(z,y)

where 7 is either a cuspidal representation or the trivial representation, x is an
idele class character and

() Kegloy) = Y r(Dei@ei),
+ic0

() Keslww) = o= [ S E@nd(Den B0 s)ds.
T gy

The sum is taken over the orthonormal basis of # or V(x). The function E(z, ¢, s)
is the Eisenstein series:

E(g.p,9)= >, 9(19:9).

YETN(FN\G(F)

The Eisenstein series is defined for Res > 1 and extended meromorphically to
the whole complex plane.

Assume f is a K-finite function for the moment. From proposition 2.1 in [J],
over the domain of integration for (15), for any N, there exists a ¢ such that for
any g in the Siegel domain

(24) D Ees(g:n) + D Ky s(g,n)| <o g] 7V,
™ X

As @3(53(57)) is a moderately increasing function in g, the integration in (15)
and the sum in (21) are interchangeable:

(25) I(f,6) =Y L(f,9) + > Iy(£,9)

with the distributions

/ / K 1(9,7)0(n)0% (5*(9))dgdn,
N(F)\N(A) JG(F)\G(A)

@7 I(f.9) = / / Koy £(0,m)0(n)0% (%(g) dgdn.
N(F)\N(A) JG(F)\G(A)

Il

(26) L:(f.9)

Moreover, the sum (25) is absolutely convergent.
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One easily verifies I.(f,#) = 0 if 7 is the trivial representation. For 7 being
any cuspidal representation, with the notations in the introduction,

(28) L(f,9) = >_ P(¢,7(f)oi) W, (e).
Pi

We now consider I, {f,#). One needs to use the truncation operator. For h{g) a
function on G(A), define

NTR(g)=h(g)— Y hn(rg)xr(H(v9)),
YETN{F)\G(F)

where H(g) is the height function such that H(n(z)d,k) = la| if k € K; xr is
the characteristic function of the interval (T, 00); and

har(g) = /N e

From proposition 2.1 in [J], we know over the domain of integration in (27),
when T is sufficiently large, K, ¢(g,n) = ATK, ¢(g,n) the truncated function
with respect to the first variable. Thus I, (f, ¢) equals

+i00 1
lim / — AT E(g,0:00(f)ei, )
T—oo J N(F)\N(A) J G(FI\G(A) J —ico ; 4mi
x E(n, pi,)0(n)O7(s%(9))dsdgdn.
It follows from equation (18) in [J] that for fixed T the above integral is absolutely

convergent. In particular, we may change the order of integration. Denote by ¢
the function ps(x)(f)@i. The distribution I, (f, ¢) equals

+ic0 B

1
(9) Jim o= [ S Weepns) [ AT E(g, ¢}, 5)0% (5°(9))dgds
o G(F\G(A)

where
W(g,p,8) = / E(ng, ¢,8)0~ " (n)dn.
N(F)\N(A)
We claim that (29) equals
1 [t
(30) e Iis(f,@)ds + 00011 (f, 8),

Ari |

where I, ; and I{ are some distributions, 6(x) = 1 when x is trivial and 0
otherwise; the integral in (30) is absolutely convergent.
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Proof of the claim: The integral (29) has the form

+ioo
lim H(s, T)ds.

Tooo [ _ino

In the notation of H(s,T), we implicitly have the dependence on f, ¢ and x. From
the above discussion, H{s,T) is a meromorphic in s, and the above integral is
absolutely convergent. To write the integral in the form of (30), we will separate
H(s,T) into a sum of four functions, which we now describe.

Let M(s,x) be the intertwining operator from V(x) to V(x~'); then when
Res is large enough, ATE(g, ¢, s) equals ([J-L])

Yo le(vgs)(1 - xr(H(vg)) — (M(s,X))p(vg, —8)x7 (H(79))]-
AETN(FNG(F)

The integration over g in (29) equals

(31) ¢i(9,5)(1 — xr(H(9)))0%(s° (9))dg

/TN(F)\G(A)

(32) M(s,X)vi(g, —s)xr(H(9))0%(s*(9))dg.

/TN(F)\G<A)

From [G-R-S], we see that

?¢.3 n 0, — 3 53 éi
Lo, 505" 00n = pul0)000,00+ 3 [ pols?(aote (7 )

feFx

From this identity and the Iwasawa decomposition, we get
dmiH (s, T) = H1(s,T) + Ha(s,T) + H3(s,T) + Hy(s, T),

where
1, T -1 3
i (sT) =S Wi /0 | N G ORIILES
T
=S"Wle, o; =1
Ha(s,T) ;W(e,%s) /0 /K e

3
x 0o (8% (dak)) $(€, (& ) dtdkd®a,
PR (¢Jaaere
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= _ S W(e. o > —s-1 '
Hy(s,T) = Z W(e, i, 9) /T /K R UONTA0
x pu(5*(dak))$(0, 0)dkd*a,
Hy(5,T) == 3" W(e,01,) /T /K o MG 06l

3
< 3 [ pulstamate. o (F e

gEFX

First consider H1(s,T). Note by our notation, ¢}(k) = ps(x)(f)w:i(k). Thus
H,(s,T) equals

T
S W e, 00 8)os00) (s 15 90,0) [ ol i a0
Pi

where

(33) orx 9(z,9) = / (k) (55 (k)b (z y) k.

K(A)
Consider the expression ¢ *x ¢(0,0) with ¢ = ps(x)(f)y;- Make a change of
variable k — d,k in (33), where |a| = 1; it equals

/ 95 (0 (F) 0 (dak) (s> (dak)) $(0, 0)dk

K(A)

~x(a) / 2a (O (F) (k) (5° (K))$(0, 0)dk,
K(A)

which is x(a)ps (X)(f)s *xc $(0,0). Thus py(x)(f)s *x $(0,0) is nonzero only
when x is trivial. Assume y =1, H(s,T) equals

s+1
S W es1,9) 5 21 wic $0,0).

Similarly, H3(s,T) is nonzero only when x = 1, when it equals
_ Tl—s
> Wie gi, 8) 7 1M (5, D)ps(1)(f) il ¥k 4(0,0).
wYi

Thus H;(s,T) + Hs(s,T) is meromorphic in s, it equals 0 unless x = 1. When
x =1, let I{(f, #) be

+i00

lim m(Hl(S,T) + Hs(s,T))ds.

Tooo J_i00
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It equals
) +ic0 1 s+l
dm [ (7o (s #x #(0,0)
Tl-s _
+ T (M5, Do (D)) 21 6(0,0)] W (e, 01, 5)ds.

Observe that when s is purely imaginary, the action of M(s, 1) on a function of
irreducible K-type in V(1) is a scalar multiplication, and it is a unitary action.
Use the functional equation of Eisenstein series, we see that the above integral
equals
+ic0 1 T1+s
lim —

Tooo | ;0o 270 o 1+s

ps(1)(f)pi xx #(0,0)W (e, @;, s)ds.

Change s to —s, then shift the integration to a line Res = sy > 1, and then take

the limit; we get

(34) Ii(f,9) Zp H(D)(F)pi ¥k $(0,0)W (e, 94, —1).
We now consider Hy(s,T). Using the notation of (33), it equals

S W) [Tlal S [ 660w dtaP ety (£ et

geFx

For any N > 0, there is a constant ¢(s, ¢’, ¢, N) such that

I[M(S, X)‘p:] *K ¢(a3§7 at)| S C(S, (pla ¢7 N)Iatgool‘N'

From this bound, it is easy to see that Hy(s,T) is meromorphic in s and has
an upper bound that is independent of T° (if T > '1). On the imaginary line,
H,(s,T) is holomorphic and rapidly decreasing; the integral f+w° [Hy(s,T)|ds
converges, and is bounded by a constant independent of 7.

For the function H,(s,T), we separate the integration over g into two parts,
one from 0 to a fixed Ty > 1, the other from Ty to T. Call these two parts
Hj 1(s,Tp) and Hy2(s, T, Tp) respectively. Similar to the argument for Hy(s,T),
we see H 2(s, T, Tp) is meromorphic in s, and the integral f:’:: [Ha2(s,T,Tp)|ds
converges and is bounded by a constant independent of T'. Since H, H;, H3, Hy
and Hj o are meromorphic in s, so is Hp 1, and f+ * |Hz,1(s,Tp)|ds converges,
and is clearly bounded by a constant independent of T'.
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We conclude that Ha(s,T) + Hy(s, T) is meromorphic in s, and

+ioco
/ . [{H(s,T) + Hy(s,T)|ds
converges and is bounded by a constant independent of T. Thus
+100 +ico
lim [H2(s,T) + Hy(s,T)]ds = / Tlim [H2(s,T) + Hy(s,T))ds
— 00

T—0oo /00 —100

where the integration is absolutely convergent. Let
Iis(f,¢) = lim [Hy(s,T) + Hy(s, T)).
T—oo

We then get identity (30) and our claim. ]

We note when x is nontrivial,
(35) L, s(f,¢) = 4mi lim H(s,T).
T—o0

We have now obtained the spectral decomposition for I(f, ¢).

ProposITION 3: With the above notations, for f € C®(G(A))

+i00 1

@) 10.9=2k f¢>+2/ L, 6)ds + 1 (7, ).

The sum of 7 is over all cuspidal representations; the sum of x is over all idele
class characters. The sum and integral in (36) are absolutely convergent.

Proof: When f is K-finite, the above argument gives (36). The statement on
absolute convergence follows from the absolute convergence of (25), (30), the
equation (35) and the bound [J](18). For an arbitrary f € C°(G(A)), take a
sequence of K-finite functions {f,} that approaches f. Define I:(f, ¢}, I, s(f, ®)
and I{(f, $) as limits of Ix(fn,®), I,s(fn,#) and I(f,,¢). From the estimates
in [A] and (24), and the dominance convergence theorem, the limits exist and
the sums and integrals in (36) are again absolutely convergent. ]

(3.3) We consider here the distribution
(37) J(f = / A Kp (AT, 72)0 (71 - ig)dRy diia
N(F)\N(A))?

for f' € C*(G'(A)) an anti-genuine function. The situation here is simpler. As
in (3.2)

Kp(z,y) =Y Knp(z,y)+ D Kyp(2,y),
™ X
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where 7 is either a cuspidal representation or lies in the residue spectrum, and x
is the restriction of an idele class character onto A>3 = {a®la € A*}. Also

+ico

Ky sz, y) = / . Ky s,5/(2,y)ds.
—10Q

Define J./(f’) and J,/ s(f’) by replacing Ky with the corresponding K/ f:(x,y)

or K,/ .5(z,y) in the expression (37). Using the estimates in [A], we see that

+i00

LIGEDSPAISRD DY I TSN
w’ x YT
The sum and integral converge absolutely. We remark that J,-(f’) is a nontrivial
distribution iff 7’ has a nontrivial Whittaker model.
The integral (37) is known as a Kutznietsov trace. The unwinding of J(f') is
well known. Let

w:[l ‘1] and = (w,1).

Recall that an element g in G(F) is identified with (g,1) in G(A). To unwind
(37), we study the orbit of N x N on the group G by the action

(9,+1) = #(t1) " (g, £1)i(t2), (7(t1), 7(t2)) € N x N.

An orbit for g € G(F) is called relevant if for any (7(t1), A(ts)) € N x N(A)
that fixes g, we have ¥(t; — t2) = 1. Since the cocycle S(g,n(t)) = 1 for all
t and g, the relevant orbits are the same as these in the linear case treated in
[J-Y]. Thus the representatives for relevant orbits are given by +1 and wd, with
a € F*. When f' = ®f/, similar to Proposition 2, we have

(38) I =3 [[len £) + T2 + 1195 (1)
a€EFX
where
(39) Jv(a, 1’,) = /- f;(’ﬁl -w - da - ﬁz)gl(ﬁl’ﬁz)dﬁldﬁg
(N(Fy))?
and
(40) JE(F) = / R (R)dR.
N(Fy)

If n = n(t), we fix the measure dfi to be dt.
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4. Local integrals

Fix a local field F,; we study the space of functions on F,*: I, = {L{a, fo * ¢,)}
and J, = {J,(a, f/)}. We will drop the reference to the local place v. We will
show a matching between these two spaces of functions.

Let f,¢,f be functions as in the previous paragraphs. We say the pair of
functions (f, ¢) matches the function f' if

(41) I(=a, f*¢) = |V=3|""alJ(a, ')
and I*(f * ¢) = JE(f'). The main result of this section is:

THEOREM 1: Given f’, there is a matching pair (f,¢). When F is a non-
archimedean field, the converse holds.

(4.1) Let f and ¢ be smooth functions of compact support on G(F) and F?;
then f * ¢ is a smooth function of compact support on F2. Conversely, given ¢,
there exists f and ¢’ with ¢ = f * ¢/. Thus I is the space of functions {I(a, $)}.

Given ¢, define
[ ¢tz (Z)az,

/¢(a,z)1/}( + Eai)dz.

Write U, (b) for the set {z||z — b] < €} and Q for the image of F\{#1} under
the map z — 2% — 3z. Let € > 0 be sufficiently small so that there is a smooth
injective map 4 : z — t from U(0) to F with 322 = 3¢2 + #3. The space I can be
described by the following:

(42) Hy(¢)(a)

(43) H*(¢)(a)

PROPOSITION 4: Given ¢, there exist smooth functions ¢ and ¢*, where ¢' is
supported on F x Q and ¢* are supported on F x U,(0), such that I*(¢) =
¢+(0,0) and

(44) I(~a,¢) = |V=3|"'[Ho(¢)(a) +9(2/a) H* (¢7)(a) +$(~2/a) H™ (¢7) (a)}-
Conversely, given ¢', ¢* as above, there is a ¢ satisfying the above equations.

Proof: Choose € > 0 such that §~'(Ue(0)) C Ujy=3-1.(0). By partition

of unity, we may write ¢ as a sum of ¢;, i+ = —1,0,1, where ¢y is supported
on F x F\{£1} and ¢, are supported on F x Ug(+1) resp. Then I*(¢) =
$.1(0, £1).

Recall

(45) I(a, ¢o) = / go(a, t)z/)(ts “Har

a
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Over the support g of ¢g in variable ¢, there is no critical point of the polynomial

— 3¢t. Thus §y can be covered by a finite union of open sets U, (b); over each
set the map t — t> — 3t has a smooth inverse map. Write ¢ = >_, ¢p, where
¢p is supported on F x U,,. For each ¢s, after a change of variable z = 3 — 3t,
I{—a, ¢p) is of the form

/ shia, 2y (2 )dz = Ho(h)

for some smooth function ¢} of compact support on F'x Q. Let ¢’ = 3~ [v~3|dy;
then I(a, do) = |V=3|"'H(¢')(a).
Now we consider I{a, ¢1). Write ¢ = t' 4+ 1 in (45); we get

Hao= [ oo (= 3L )ar

a

From the assumption on ¢ and €, there is a smooth map t’ — z from U (0) to
U, /=3,-1(0), such that 322 = 3t"2 + 3. Clearly dz/dt’ = 1 at z = 0. Therefore
the above integral is of the form

TN

for some smooth function ¢} supported on F x U —(0).  Moreover,
$1(0,0) = ¢1(0,1). Make a change of variable z — z//=3 and let ¢7(a,2) =
¢ (—a,z/v/—3); then ¢ (a, z) is supported on F' x U(0) with

I(—a,¢1) -—|\/_

and I (¢) = $1(0,1) = ¢7(0,0).

Similarly, we can show that there is a ¢~ with I=(¢) = ¢~ (0,0) and I{—a,d_1)
= V=3""(-2/a)H~(¢7)(a).

With our choice of ¢, ¢, the identities in the proposition are satisfied. Tracing
the above argument backwards, we get the converse. |

¥(2/a)H* (¢7)(a)

(4.2) For f' € C®(G(F)), define

s = [ 10 (|7 ] ew))sas

where e(y) = (y,a) if v(a) does not divide 3 and |3| = 1; it is 1 otherwise. Given
f’, ®(a,y) is a smooth function of compact support on F x F*. When a is
sufficiently close to 0, the support of ® as a function of y lies in F'*. Conversely,



112 Z. MAO AND S. RALLIS Isr. J. Math.

for any such ®, there exists an antigenuine f’ such that ®(a,y) is obtained as
above. One may verify that

1

(46) I 1) = [ ot (E=) oy

a

and JE(f’) = ®(0,41). Let &' be the image of F*\{+1} under the map z —
2z + z~1. As in Proposition 4, one can find a sufficiently small € > 0 such that
the following holds:

PROPOSITION 5: Given f’, there exist smooth functions ® and ®*, where @
are supported on F x Q' and ®% is supported on F x U(0), such that JE(f') =
®*(0,0) and

(47) J(a, f') = la| " [Ho(®')(a) + ¥(2/a) H (27 )(a) + ¥(-2/a) H™ (27 )(a)].
Conversely, given ® ,®* as above, there is a f’ satisfying the above equations.

Proof: Given @', &%, we construct f’. Using the argument in the proof of
Proposition 4 to equation (46), we can find a function f; with J£(f1) = ®%(0,0)
and J(a, f1) equals the right-hand side of (47) when a is sufficiently close 0. Let
h(a) be the difference between the right-hand side of (47) and J(a, f1). Then
h(a) is a smooth function with compact support in F'*. Let

-1
2(a,9) = ¥( - LX) h@)Cw)al

where C(y) is the characteristic function of a set on F* with measure 1. Let f> be
an antigenuine function corresponding to ®(a,y) as above. Then J(a, f2) = h(a)
and JE(f2) = 0. Let f' = f1 + f2, that is, the function we need.

The converse follows similarly. ]

(4.3) Proof of the Theorem: From the remark in the beginning (4.1), we need
only prove the matching between functions ¢ and f’ instead of between (f,¢)
and f’.

Start with f’; there correspond functions ®,®* as in Proposition 5. When
the field is archimedean, @ = C and ' = C\{£2}. From Proposition 4, to
these functions, there is a function ¢ satisfying the identities in the proposition
with ¢', ¢ being replaced by @', &'*. Compare the equalities (44) and (47);
one sees immediately that I(—a,$) = |v/=3|7|alJ(a, f’). The other identity
I*(¢) = JX(f') also follows.

When the field is nonarchimedean, one can show that Ho(®')(a) is a smooth
function on F* which equals 0 when a is close to 0; thus it i8 compactly supported
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on F*. 1t is then possible to find a ¢’ compactly supported on F* x Q with
Ho(¢') = Ho(®'). For example, let

¢'(a,z) = P(—2/a) Ho(2')(a)C(2)

where C(z) is the characteristic function of a subset in © with measure 1. The
above proof works again. Similarly, start with a ¢; one can find a f’ matching

¢. n

5. Local integral: unramified case

In this section, we keep the notations and assumptions in §2. In particular we
assume |3| = 1. In addition, assume 9 is of order 0. Let ¢y be the characteristic
function of the lattice R2. We prove that if f and f’ are matching Hecke functions

under Proposition 1, then the pair (f, ¢g) match the function f’ in the sense of
(41).

(5.1) Let ®;(z) be the characteristic function of the set |z| = ¢*. Define

£ — 3t
48 I = dt
(48) @=[ ()
LEMMA 1: Whenm =0, I(a, fo * o) = Yo _ . ®:(a)lp(a). When m > 0,
(49) 0, fm*¢0 Z®3m 1. m )

Proof: We first determine f, *@o. As ¢y is fixed under the action of py (Sp2(R))
and s3(k) € Spa(R) for k € K, we see that

py(s*(k))po = o, k€ K.

If m =0, then fo * ¢g = ¢ by (16) and the lemma, follows. Now assume m > 0.
Using the decomposition of Kd= K in (8), we get

fm*do = /fm )P (5°(9))bodg

S

i=—m

with
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(50) hn(@,y) = Y pu(s*(n(2)dem))do(2, p),
zeR/sz

(51) heom(@,y) = pu(s®(de-m))do(2,y),

(52) hi(zy) = Y el (@ 2)de) o (x, ),
ZERX [ Pmti

for —-m < i< m.
From the above expression for f,, * ¢o, one has

(53) I(a, fm*x$0) = Y I(a,hi).

i=—m

We claim I(a, h;) =0 when i <m — 1.
From the definition, h_,,(a,t) = ¢*™¢g(aw ™3™, tw™™); the integral I(a, h_.,)

: om t3 3t
! /ItISq""w( a )dt

when |a| < ¢73™ and 0 otherwise. Let T' = t3 — 3t. The above integral becomes

m ¥(T/a)dT
g /qu—m (T/a)

which is apparently 0.
For i > —m, one may write h;(z,y) as an integral:

g / pu(8¥ (@™ 2)doe) oz, y) d2

where the integral is over |z| =1 if { < m and |z| € 1 if ¢ = m. Observe that

1/)(t3 ; 3t)h,-(a, t) = py(s3(n(t/a)))hi(a, o)¢( _ %)

Thus for - m <i<m-—1,

I(a, h,) =
(54) . 3 ¢ : 3t
mrt — T2 di ,0 — — Jdtdz.
[ o (s (n (G rerme) des ) ) ot 000 (= )t
Make a change of variable t — t — w' " ™az,

I{a,h;) =

(o9 (s
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The integration over z is 0 as ¢ < m — 1. We have proved our claim.
Now consider the integrals I(a,h;,_1) and I(a,hy). Equation (54) holds in
the case 1 = m — 1. Integrating over z in (55):

(0, hs) = — /qzm*% (53 (n (2) dw,,H)) po(a, 0 ~ %t)dt

3 3t .
= _/¢(t 3 )¢0(aw5m—3,tw'”—1)dt
3m—3

= > ~®i(@)n(a).

When ¢ = m, equation (54) holds if we replace the domain of integration by
|z| < 1. Proceed as above; one gets

a

I(a, k) :/w(ts - 3t>¢o(aw3m,twm)dt

j=—o00

As I{a, fm * ¢) = I{a, him—1) + I{a, hy), to prove the lemma, we only need to
show that when |a| < ¢33, I,_1(a) = I)n(a), i.e.

(56) /m:qm w(ts - 3t)dt —0.

v(a)+2m—1

The set |t| = ¢™ is a disjoint union of cosets of P~ . For each of these

cosets with a representative to, with |to] = ¢™, the contribution to I{a, fm, ¢o) is

/ w<t8—3t0+3t%v>w<3tov2+v3—3v)dv
fv|<lalgt~2m a a

2., ,3_
" (3t0v +v 311) 9

a

Since

over the domain and |3t2/a] = |a|~1¢*™, the above integration equals 0. We have
proved equation (56), thus the lemma. |

(5.2) We study the integrals I,,,(a) when m > 0 and |a| = ¢*™,¢*"~! or ¢*"2.
If |z| = ¢!, x is a nontrivial cubic character on F*; let G(z, x) be the Gaussian

sum

- Pz y)x(y)dy.
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When |a| = ¢®™, the integrand in (48) is 1, thus I,,(a) = ¢™.
When |a| = ¢™ 1 or ¢®™~2,

(@ :/ItISqm 1/)(%)(#

u+vw™)3
= 2 f (T

vER/P
,U3w—3m +3U2w—2mu
= w( )du
uE%P [ulgqm_l a
as
" (3vw_mu2 + u3) 1
a

over the domain. When |a| = ¢3™~2, the integration over u is nonzero only when
v = 0, thus

over the domain. Thus

In(a) =g™1 Z 1l)(v3wa-3m)

vER/P

="' Y 22:1/; (W;sm) X' (v),

veER/P i=0

where x(v) is any nontrivial cubic character on R* /P and x(0) = 0. Clearly in
the above sum, the part 7 = 0 contributes 0. Use the Gaussian sum notation;
Im(a) = qm(G(aw3m’ x) + G(awamvxz))‘

In conclusion, from Lemma 1 we get

PROPOSITION 6: When m > 0, I(a, fm * ¢o) equals
(57) ™ ®3m(a) + q™(G(aw®™, x) + G(aw®™, X*))P3m—1(a) + ™ B3m—2(a)-

(5.3) When m = 0, from Lemma 1, I(a, fy * ¢g) = Ip(a) when |a] <1 and 0
otherwise. We now compute Ip(a) when |a| < 1.
When |a} =1, Ij(e) = 1.
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When |a| = ¢, one can write Ip(a) in the following form:

(58) b= 3 (YY),

vER/P

When |a| = ¢~ with [ > 0 or ¢72*+! with [ > 1, we separate the set |t| < 1
into P! cosets S(ty) with representatives t5. One can show that only the cosets
S(to) with |3t2 — 3| < |a|q' give nonzero contributions to In(a). When |a| = ¢~ 2,
there are only two cosets S(+1); then

(59) Io(a) = ¢"'W(2/a) + ¥(~2/a)].

When |a| = ¢~2+1, the cosets are of the form S(£1 + vw'~!) with v € R/P;
thus

o () (P2 0 (0) 5,0 (222

vER/P vER/P
(60)
(5.4) For f] a function defined in §2.3, define
(61) In(@) = [ Fina) 1 (doy D) @)

This is the contribution to the integral (39) from the set with fi; € N N K. One
may verify that

62 Jafn) =In@+ [ Inlablu+ a0,
lyI>1
We first determine J,,,(a).

LEMMA 2: When m =0, Jy(a) = ®¢(a). When m > 0,
Im(a) = P3m(a) + qq)Sm-l(a)G(awsm:Xa)a

where x,(z) = (z,a) is a nontrivial cubic character on F*.

Proof: The assertion on Jy(a) is clear. Assume m > 0. Over the support of f/ .,
in the integral for J,,(a), we have either of the three cases:

(1) |a| = ¢*™ and || < 1.

(2) lal = 7> and |z] < ¢*™.

(3) la| = ¢* with —3m < i < 3m and |z| = ™.
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The integral over z will be 0 unless we are in case (3) with |a| = ¢! or in
case (1). Thus when |a] = ¢*™, J(a) = 1. When |a| = ¢®™1,

mw=[ ([ ) v

= [ p@)(e,0)de

|z|=q
Make a change of variable z — za™ 1w ™%™; as (a,a) = 1, we get
Jm(a) = qG(aw®™, xa)-

This proves the lemma when m > 0. ]

(5.5) Let G, = G(aw®™, x,) when |a] = ¢! and 1 otherwise. Define
(63) K@) = [ @ulay)Gantby + ™) (0, 5)dy
yl|>

for [ > 0 of the form 3m,3m — 1. From Lemma 2, J(a, f3) = ®o(a) + KJy(a)
and, when m > 0,

(64) J(a, ) = ®3m(a) + ¢@3m_1(a)G{aw@®™, xa) + K Jsm(a) + ¢K Jam_1(a).

We compute K.J;(a) for | > 1. Make a change of variable y — a~ly in (63):

~1

(69) wa@=[ G () @lel ey

Let z = y + y~'; then when [ > 1, over the domain of (65), G, = G, and
(a,y) = (a, z); the integral becomes

(66) [ aaCeall e
¢'=|z|>|a| a
Therefore when | = 3m > 0,

» (f) (a,2)|a| " dz.

a

KJsm(a) = /

g*m=|z|>al

1

This integral is nonzero only when |a| = ¢'~1; as (a,z) = (2,@)?, with the above

notations,

(67) K J3m(a) = q®3m_1(a)G(am®™, x2).
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When [ = 3m — 1, the integral (66) equals

K J3m_1(a) = /.sm—1:|z|>|a| /M:1 " (m”Bm) (v, 2)) (2) (a, 2)[a| " dzdv.

Change v — vzw™ /a:

KJzm_1(a) =q"" / / " ("’ * Z) la|~2 (v, 2)dzdv.
@3 —1=[z]>]a| J|v|=qla| a

2.
3

For the integration over z to be nonzero, |a| must be ¢*™~

P (U : z) (v, 2)dudz,

KJ3m_1{a) = ‘1)3m~2(a)q3ﬁ6m/

|v|=|z|=¢3m—1

which equals ®3,,—2(a).
In conclusion,

PRrROPOSITION 7: When m > 0, J(a, f],) equals
(68) B (@) + qPam—1(a)G (@™, xa) + ¢®P3m_1(a)G(am®™, x2) + ¢®3m_2(a).

(5.6) Comparing Proposition 6 and Proposition 7, we get

THEOREM 2: When m > 0, the function ¢~2™ f!  matches the pair (f,,, ¢o).

Proof: As we can certainly take x to be x_, in Proposition 6, we get the equality
I{a, frn % $0) = la|lJ (~a,q7*™ f1,).

The equalities between I (f,, * ¢o) and JE¥(g~?™f/) hold, as in fact they all

equal 0. |

(5.7) We now prove the corresponding result in the case when m = 0.

THEOREM 3: The function f} matches the pair  fo, ¢o).

Proof: One verifies that I*(fo x ¢o) = IT(¢o) = 1 and JE(f) = 1. We now
show the identity

(69) I(a, fo * do) = J(~a, fo).
Recall J(a, f§) = ®o(a) + KJp(a), with

KJola) = /m:w o (L y) (e, 9)loldy.

[4)
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Compare with (5.3); the identity (69) holds when |a| > 1. When |a} < 1, it will
follow from

(70) Iy(a) = |a|KJy(—a).
When |a| = ¢7 1,
(M) i = 3 o ()@,
TERX /P

where x(z) = (a, ) is a nontrivial cubic character on R*/P. The identity (70)
follows from the formula in [D-I] which compares (58) and (71).

When |a| = ¢~ with I > 0 or ¢72*! with | > 1, we separate the set |y| = 1
into P! cosets S(yo) with representatives yo. One can show that only the cosets
S(yo) with |y — 1] < |alg' give nonzero contributions to J;. When |a| = ¢~ %
there are only two such cosets S(+1); then

(72) KJo(a) = ¢7"|al " [¥(2/a) + (~2/a)).

When |a| = ¢~2*!, the cosets are of the form S(£1 + vw!~!) with v € R/P;
thus

?

KJo(a) =

Pt |o(2) £ 922w (-2) & o2 2)}

Compare the expressions (72),(73) with (59),(60); in either case, (70) holds as
—3 is a square. |

6. The comparison

(6.1) Back to the global situation. From the local results in Theorems 1, 2 and
3, we get

THEOREM 4: Let f = ®f,,¢ = ®¢, and f' = ®f, be functions smooth of
compact support (f' being antigenuine). If for any v, (fy,¢,) and f, match,
then

(74) I(f,4) = J(f).

For any f' as above there exists (f, ¢) that matches f’ over all places. Moreover,
at almost all finite places v, f, € H] is a spherical function, one can choose ¢,
to be the characteristic function of R2, and f, to be the image of f! under the
isomorphism of Hecke algebras H], — H,,.
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Proof: The first assertion follows from equations (17) and (38), the matching
condition and the fact that []|a], = 1 when a € F*.

Given f' = ®f!, at each place v, we can choose (f,, @) so that it matches
f. At almost all finite places v, f, = fg,, and by Theorem 3, we may let
fo and ¢, be the characteristic functions of K, and RZ, respectively. Then
(f =®fy, ¢ = Q¢,) matches f’ at all places.

The last assertion follows from Theorems 2 and 3. |

In §3, we decompose the distributions I(f, ¢) and J(f') into a sum of discrete
parts and continuous parts. From a standard argument ([La] §11), it follows from
Theorem 4 that when (f,#) and f’ match, then the continuous part of I(f,¢)
and J{f’) are equal, i.e.

(75) ZI (f,4)+1I"(f,9) ZJ

(76) 2/+°° T f,¢)ds—2/+°° ol

We will exploit equation (75).

(6.2) Let S be a finite set of places containing all archimedean places and places
where |3| < 1. For any v € S, let m,(|-|5) be p,(]-|**) (§2) if s, # %1, and be the
unique unramified quotient of p,(| - |) when s, = +1. For each set of {s,|v ¢ S},
we define an L-packet TI({s,}) of cuspidal representations on G(A):

{71’ = ®My|my = my(| - |**),v & S}-

We say an L-packet IT is ©-distinguished if there exists 7 € I, f € 7 such that,
for some ¢,

(77) P4, ) = /G o, O @) 0.

Meanwhile, let (| - |**) be p(| - |°*) if 5, # %1, and be the unique unramified
quotient of jy(| - |*/3) when s, = +1 ([Ar]). Define an L-packet IT'({s,}) of
genuine cuspidal representations on G(A):

{n' = @my|m, =m(l-*),v & S}.

We say the packet I’ is generic if there is a cuspidal representation in the packet
which has a Whittaker model with respect to 1.

We say IT' is CAP if s, = :I:% for all v ¢ S. We expect that there is no I’ that
is CAP. Assume this is the case, for any set S as above:
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THEOREM 5: There is a bijection between generic L-packets on G(A) and O-
distinguished L-packets on G(A). The bijection is given by II'({s,}) +> II({3s,}).
It is shown in [G-R-S] that if the L-packet II{{3s,}) is ©-distinguished, then
I'({s,}) is nonempty. We now give a proof of the converse using the identity
{75).
Proof: Denote by H'® and H® the product of Hecke algebras H, and H, for
v & S. Let f/ = ®f be an antigenuine function chosen as follows: If f'S is
the tensor product of the functions f/ for v not in S, then f’° is an element of
H'S: if v € S, let f! be the convolution of an antigenuine function h,(g) with
ho(g=1). Given f’, let f§ be the product of f] if v € S, and fp,, if v ¢ S. Then
K p(z,y) =0 unless 7’ € II'({s, }) for some set {s,|v & S}, in which case

Kﬂ'vf'($1y) = f,SA(ﬂ'/)KW’,ffs(x’y)a

where

17 1 = [L )

vgS
is the character of the Hecke algebra H'® corresponding to II'({s,}). Thus

(78) Sue() =3 S NI (£5) + Tres(F),

{sv} ' ell'({sv})

where J,es(f') is the contribution to J(f') from the residue spectrum of G(A).
It follows from the theory of Eisenstein series that there is one representation
lying in the residue spectrum; its local components at finite places are (|- |1/3)
[K-P]. Thus
Jres(.fl) = H f’2(1/3)‘]res(f:‘})
vgS

When v & S, let ¢, be the characteristic function of RZ and f, be the image of
f! under the isomorphism between Hecke algebras H, and H,. For v € 5, pick
(fv, ®») that matches f’. Let ¢ = ®¢, and f = ®f,. Then similar to expression
(78), we have

le(f7¢)+lil(f,¢)zz Z fSA( ) (fSa )
" {Sv} EH({SU}
+ H fﬁ(l)[{’(fs,(]ﬁ),
vgS
where fs is the product of fo ., v € S and f,, v € S; and
£ = 150 m) = T £ (s0)

vgS

(79)
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is the character of the Hecke algebra HS. With the isomorphism in Proposition
L
f/S - fS - fS/\(,n_)

is the character of the Hecke algebra H’®. Thus both sides of equation (75) can be
expressed as infinite sums of characters of H'S. With the linear independence of
characters, as f2(s) = f'2(s/3), we get for each {s,} (except when s, = 1,v ¢ S,
the CAP case)

(80) oo LUs,e)= D>, JulfS)

mell({s0}) w'ell'({s,/3})

As f§ is a convolution of a function h(g) with h(g~!), the function K, ;. has
the form

Zw (R

Then ,

- (fs) = Z[ / \N(A) "(R)ps ()0 () dR

In particular, J.(f5) is a positive number or 0. If the L-packet II({s,/3}) is
nonempty and generic, then one can choose a f’ with J(f§) nonzero for one 7’
in the packet. The sum on the right-hand side of (80} is then nonzero; there exists
at least one 7 in the L-packet II({s,}) with Ir(fs, ¢) # 0. From the expression
for I.(f, ) in (28), we see that 7 is ©-distinguished. ]
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