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ABSTRACT 

Let S-L2 be the three-fold cover of S L 2 .  W e  prove there i s  a lifting 
of the genuine automorphic representations of S-L2 to the automorphic 
representations of SL2, using a relative trace formula. 

1. I n t r o d u c t i o n  

Let F be a number field, A its adele ring. We will assume that F contains the 

cubic roots of 1. Let G be the group SL2, G be the three fold cover of G. An 

element in G has the form (g, 4) with g E G and 43 = 1. In this paper, we study 

the cubic lifting from the set of cuspidal genuine representations of G to the set 

of  cuspidal representations of G. The automorphic representations are assumed 

implicitly to be irreducible. 

A cuspidal representation 7r = ®Try of G is a cubic lift of a cuspidal genuine 

representation 7' = ® ~ ,  if for almost all finite places v, try = 7rv(I- I s") and 

~r'~ = ~ ( l "  1~'/3), where sv is some complex number (§6). 
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This cubic lifting is first studied in [G-R-S]. There the authors use the fact 

that  G and G consist a dual pair in an exceptional group of type G2, i.e. G x 

is a subgroup inside the three fold cover G2 of G2, with G and G satisfying the 

double centralizer condition. The cubic lifting is established by restricting the 

P-module of 02, constructed in IS], to the subgroup G x G. We now recall their 

result. 
The symmetric cube representation of G: g --~ s3(g) has its image s3(G) in Sp2. 

Fix a nontrivial additive character ¢ on A/F. Let pc be the Weil representation 

of Sp2 (double cover of Sp2) associated to ¢. It acts on S(A 2) the space of 

Schwartz functions on A 2. Since Sp2 splits over the subgroup s 3 (G), pc restricts 

to a representation of s3(G). For ¢ C S(A2), define for g E G(A): 

(1) o (s3(g)) = 
X E F  2 

We say a cuspidal representation ~r of G is O-distinguished (relative to ¢) if there 

exists f e ~r, ¢ C S(A2), such that  

P(¢,  f) = f O~(s3(g))f(g)dg (2) 
J G  (F)\G(A) 

is nonzero. It is shown in [G-R-S] that a O-distinguished cuspidal representation 

~r is a cubic lift of some cuspidal representation r r of G. 

Our approach to establish the cubic lifting is by using a trace identity. Write 

for the element [ 1 t 1 in G and ~(t) for the element (n( t ) , l )  in G. Let n(~)  
[ 1 J 

N, (/V) be the group of elements n(t) (or ~(t)). Define characters on g and 

by 9(n(t)) -- ¢ ( -3 t )  and 9'(fi(t)) = ¢(t). Recall for f e C~(G(A)), we have a 

kernel function 

KI(x,Y)= ~ f ( X - - I " y Y )  • 

7eG(F) 
With above notations, we define the distribution: 

(3) I ( f ' ¢ )  =/N(F)\N(A) fG(F)\G(A) Kl(g' n)O~ (sa(g) )O(n)dgdn" 

On the other hand, let f '  E C~(G(A)) be an anti-genuine function, i.e. f'(g,~) = 
~-lf,(g, 1). The group G(F) embeds in G(A) by g -+ (9, 1). We may define for 

y • O(A),  
Kf(x,y)= ~_, f'(x-l.'l.y). 

~eG(f) 
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One defines the distribution: 

(4) J(f') = f KI, (nl 1, ?~2)0'(nl • n2)d~ldn2. 
Y(~ (F ) \~ ' (A) )  2 

Our main result is that  for matching functions f ,  ¢ and f ' ,  

(5) I(f, ¢) -- J(f'). 

Here the concept of matching is as usual defined in terms of conditions over local 

fields. 

The spectral decomposition of I(f, ¢) is roughly a sum over the set of cuspidal 

representations 7r of 

(6) It(f ,  ¢) -- ~ P(¢,  7r(f)~o~)iTV~, (e) 
qoi 

where {~o~} is an orthonormal basis for 7r and 

(7) We(g ) = f ¢(ng)9-1(n)dn 
JN (F)\N(A) 

is the Whittaker functional; IZV is the complex conjugate of W. Meanwhile, the 

distribution J(f') is roughly a sum over the set of cuspidal representations ~r ~ 

of certain distributions J r '  (f~). From equation (5), there will be identities be- 

tween the (sums of) nontrivial distributions I r  (f, ¢) and the (sums of) nontrivial 

distributions Jr' (f'). The cubic lifting follows from these identities. 

To be more precise, the cubic lifting obtained from (5) is a correspondence be- 

tween L-packets of cuspidal representations (§6). An L-packet on G is said to be 

O-distinguished if there is a representation in the packet which is O-distinguished. 

Recall that  a CAP representation is a cuspidal representation which is near equiv- 

alent to an Eisenstein series ([PSI). Assuming the CAP representations do not 

exist for G, we show there is a bijection between O-distinguished L-packets H on 

G and generic L-packets H' on G, such that each representation ~r C H is a cubic 

lift of any representation 7r r G H'. In particular, any cuspidal representation 7r t 

of G has a cubic lift to a O-distinguished representation on G. This is a result 

that  is missing in [G-R-S]. We note that the definitions of O-d i s t i ngu i shed  and 

gene r i c  depend on a fixed ~b. 

The trace identity (5) fits in a family of trace identities introduced in [M-R]. In 

[M-R], for a simple Lie group H1 not of type A, we associate a reductive group H2, 

and define a distribution I(f, ¢) on H2 by integrating the kernel function against 

a Theta  function as in (3) (here one needs an embedding of H2 in a metaplectic 
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group, see [M-R] for details). The trace identity then compares I(f, ¢) with a 

distribution J(f') on SL2 or its covering. We provided some evidence of the trace 

identities by showing the fundamental lemma. For the case at hand, H1 is of type 

G2. Here we work out the proof for the identity (5) in its entirety. This should 

be considered as further evidence that the trace identities introduced in [M-R] 

are valid. 

In §2, we collect some preliminaries on the Hecke algebras. In §3, we study the 

distributions I(f, ¢) and J(f') and their spectral decompositions. The necessary 

local identities are proved in §4-§5. We establish the cubic lifting in §6. 

ACKNOWLEDGEMENT: We thank H. Jacquet and A. Nemethi for helpful discus- 

sions. Mao would like to thank the Ohio State University and its Mathematics 

Research Institute for their hospitality during his visit. 

2. H e c k e  a lgebras  

In this section, let Fv be a local nonarchimedean field, Rv be its integer ring, 

P .  be its prime ideal, w .  be a uniformizer in P. .  Assume that  q~ = IRv/P~I is 

odd and equals 1 modulo 3. Since F contains the cubic roots of 1, for almost all 

places v, q~ satisfies this condition. In this section, we will drop the reference to 

theplacev. Wewilldenotebydathediagonalmatrix [ a ] a _  1 • 

We establish an algebra isomorphism between the Hecke algebras of G and G. 

(2.1) Let T be the group of diagonal matrices in G. Denote by P(X) the repre- 

sentation of G(F) induced from the character of TN: 

dan(x) --+ x(a). 

Then P(X) contains a vector fixed under K = G(2, R) if and only if X is unrami- 

fled; call ~ such a K-fixed vector. Assume X(W) = q8 with s a complex number. 

For f in the Hecke algebra H of bi-K-invariant compactly supported functions 

on G(F) ,  we have 
= 

and f -~ f :  (s) is an algebra homomorphism of H into C (Satake transform). 

Any homomorphism of H into C has this form for some s. 

Let f,~ be the characteristic function of Kd~,~K. Then {f .dm > 0} is a basis 

of H. Using the Iwasawa decomposition, we get 

(8) K d ~ K  = [_j n(z)dw, K 
i = - - m , . . . , m  
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with z going through the cosets w i - m ( R × / P m + i )  when i ~ m , - m ,  and z E 

R I P  2m when i = m, z = 0 when i = - m .  It is then easy to see that 

(9) f~ ( s )  = 1 

and, when m > 1, 

m-1 
(10) fnm(S) = qm(qmS + q-rns) + qm(1 _ q- l )  E qiS. 

i=l--m 

Let G = S-L2 be the three fold cover of SL(2). Any element in G can be (2.2)  
written as (g,4) with g ~ G and ( E #3 the set of cubic roots of unity. Denote 

by (a, b) the cubic Hilbert symbol. Then the mnltiplicative law over G is 

(gl, 4 1 )  (g2, = (gig2,  142 (g , 

where a is certain cocycle we now describe. For 

[ a  b ]  
g =  c d 

set x(g) = c if c • 0 and x(g) = d if c = 0. Then 

= (x(y---3) , x(glg2 ) 

With the assumption on F at the beginning of the section, a is cohomologically 

trivial on K = G(R) .  It is more convenient to use an equivalent cocycle fl 

identically one on K x K. For g given as in the above, define s(g) = (c, d) if 

cd ¢ 0 and the valuation of c does not divide 3; let s(g) = 1 otherwise. Set 

and define the new multiplicative law over the set of G: 

(gl, ~1 )" (g2,42) = (g192,41 {2~ (gl, g2)). 

The map k + (k, 1) is then a homomorphism from K to G; we will again denote 

by K its image. The Hecke algebra H '  on G is the set of bi-K-invariant compactly 

supported antigenuine functions on G. 

(2.3) The subgroup ~3 consisting of elements (d=a,4) is a maximal abelian 

subgroup in G. Denote by P(X) the representation of G(F)  induced from the 

character on ~3 ./~: 
 x(a3). 
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The representation contains a K-fixed vector, necessarily with multiplicity 1, if 

and only if X 3 is unramified [Ar]. Call ~ such a vector; assume X3(W) = q3S for 

s a complex number. Then 

=/'^(s): 

for any f '  E H' ,  and f '  --+ f'^(s) is a homomorphism from H '  to C. Any 

homomorphism from H '  to C takes this form. 

Let f ~  be an anti-genuine function of G defined as follows: if (g, ~)  • G is of 

the form 

k, • (dw3-~,~) • k2, k,, k2 • K, 

then f~(g,~') -- ~-1; the function equals 0 otherwise. The set { f~lm > 0} is a 

basis of H' .  We now determine f '~(s).  Recall 

(11) P(X)(fm)~ : ~gEg.(dw3m,1).K P(X)(g)~dg" 

Similar to (8), we have a decomposition: 

(12) K . ( d w 3 . ~ , I ) - K =  I I (n ( z ) ,~ ( z ) ) .dw , .g  
i=-3m,... ,3m 

when i ~ 3 m , - 3 m ,  z goes through the eosets wi-am(R×/P am+i) with ~(z) = 

(w i,z); when i = 3m, z • R / P  6m and ~(z) - 1; when i = - 3 m ,  z = 0 and 

~(z) = 1. When i is not divisible by 3, ~(z) ~ 1, the contribution from the set 

(n(z),~(z)) • d~, .  K to the integral (11) is 0. When i is divisible by 3, ~(z) - 1; 

thus from (11) we have 

(13) f'o(S) =_ 1 

and, when m _> 1, 

m - 1  

(14) f '~(s)  = q3m(q3mS d- q-ares) + q3m(1 _ q - l )  E q3iS. 
i----1--rn 

(2.4) We have proved: 

PROPOSITION 1: For s any complex number, fAm(S ) = q--2mf'Am(S/3 ). There is 
an algebra isomorphism from H to H ~ given by fm ~ q-2m f~m. 
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K (x, y) = 
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3. T h e  d i s t r i bu t ions  I(f,¢) a n d  J(f') 

Recall 

f(x-'~/y) and O¢(s3(g))= E P•(s3(g))O(a'b)" 
~ G G ( F )  ( a , b ) G g  2 

101 

where 

(18) 

(19) 

(17) 

(16) 
f 

f~ * Cv(x, y) = I f~(g-1)p¢(s3(g))¢v(x, y)dg. 
JG (F.) 

The following proposition expresses I(f, ¢) in terms of local orbital integrals: 

PROPOSITION 2: 

I ( f ' ¢ )  = E l - I I ' (a" f '*¢ ' )+l - I I+( f '*¢ ' )+HI~( f '*¢~)  
a E F  x v v v 

I,(a, fv *¢v) = /F~fv*¢v(a't)¢(t~a3t)dt' 
± 

Ig (fv * ¢v) = Iv * ¢v(0, ±1). 

For completeness, we include a formal proof of the proposition. As O~(s3(g)) is 
left G(F)-invariant, the integral (15) is 

/N(F)\N(A)/G(F)\G(A) E f(g-l~In)O(n)OC(sS(g))dgdn 

=/G(A)×N(F)\N(A) f(g-'n)O(n)O~(s3(g))dgdn" 

Change g -+ ng: 

I(f, ¢) =/G(A) × N(F)\N(A) f(g-')O (n)0 ¢ (s 3 (n)s 3 (g))dgdn 

=/N(F)\N(n) O~*¢(s3(n) )O(n)dn" 

In [M-R], we consider the unwinding of the integral I(f, ¢). Let f = ®fv c 
C~(G(A)) ,  ¢ = ®¢v E S(A2). Define 
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Use the explicit formula for p¢(s3(n(t))) ([G-R-S]); we get 

= [ E f * ¢(a, b + at)¢(a2t 3 + 3abt 2 + 352t - 3t)dt. (20) I ( f ,  ¢) 
J A  F / (a ,b)cF 2 

First consider the contribution to the above sum from the part a = 0, denoted 

Is ( f  * ¢). Then 

I ~ ( f , ¢ ) = / :  E f ,¢(O,b)¢(ab2t-  3t)dt. 
/F b~F 

The integral over t is nonzero only when b = :t=1; as the integral over t then gives 

a factor of 1, we get 

Is( f  * ¢) = 1-[ C ( f ,  * ¢v) + 1- I I : ( f v  * ¢,)- 
V V 

Denote by I(a, f * ¢) the contribution to the sum in (20) from each a E F ×. 

Make a change of variable t --+ t~__hb; we get 

/F beF 

- b  3 + 3b) 
Since ¢ ( - -  = 1, 

a 

I ( a , f  *¢) = f * ¢ ( a , t ) ¢ \ ~  dt. 

Thus the proposition. 

(3.2) We now consider the spectral decomposition of I ( f ,¢) .  Our goal is to 

show Proposition 3 at the end of this subsection. 

At each finite place v, set Kv = G(R~) as in §2. At an infinite place v, let Kv 
be the unitary group in G. Let K = I-[ Kv. For each idele class character X, let 

V(X) be the space of functions cp on K such that 

~(dan(x)k) = x(a)~(k), k e K, dan(x) e K. 

For each s 5 C, one may identify V(X) with a space of functions on G(A) by 

extending a ~ E V(X) to a function ~(g, s) on G(A), with 

~(dan(x)k,s) - -  x(a)lalS+l~(k), a c K. 
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The group G(A) acts on V(X) by right shift. We get a representation denoted 

a s  

From [L], we have 

(21) K (x,y) = + 
TC X 

where 7r is either a cuspidal representation or the trivial representation, X is an 

idele class character and 

(22) K=j(x,y) -- ~'~ ~r(f)~i(x)~i(y), 

1 f+{oo E E(x, Ps(X)(f)(Pi, s)JE(y, ~i, s)ds. (23) Kx'f(x'Y) - 47ri ~_ioo 

The sum is taken over the orthonormal basis of ~r or V(X). The function E(x, ~, s) 
is the Eisenstein series: 

q, E T N ( F ) \ G ( F )  

The Eisenstein series is defined for Res > 1 and extended meromorphically to 

the whole complex plane. 

Assume f is a K-finite function for the moment. From proposition 2.1 in [J], 

over the domain of integration for (15), for any N, there exists a c such that for 

any g in the Siegel domain 

(24) ~ IK,~,s(g,n)[ + ~ [Kx,f(g,n)[ <_ c[ g] -N 
7r X 

As O~(sa(g)) is a moderately increasing function in g, the integration in (15] 

and the sum in (21) are interchangeable: 

(25) I(f, ¢) = E I.(f,  ¢) + E Ix(f' ¢) 
7r X 

with the distributions 

(26) I = ( f ' ¢ )  = /N(F)\N(A)/C(F)ka(n)K'~'f(g'n)O(n)OC(sa(g))dgdn' 

(27) Ix(f,¢) = ]N(F)\N(h) ]C(F)\C(n)nx,f(g,n)O(n)OC(s3(g))dgdn. 

Moreover, the sum (25) is absolutely convergent. 
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One easily verifies I~(f, ¢) --- 0 if 7r is the trivial representation. For 7r being 
any cuspidal representation, with the notations in the introduction, 

(28) I~(f, ¢) = ~ P(¢,  7r(f)qoi)W~o, (e). 
qoi 

We now consider Ix(f,  ¢). One needs to use the truncation operator. For h(g) a 
function on G(A), define 

A h(g) = h ( g ) -  

7ETN(F)\G(F) 

where H(g) is the height function such that H(n(x)dak) = [al if k C K; XT is 
the characteristic function of the interval (T, cx~); and 

hlv(g) = f h(ng)dn. 
JN (A) 

From proposition 2.1 in [J], we know over the domain of integration in (27), 

when T is sufficiently large, K×j(g, n) = ATKxj(g,n)  the truncated function 

with respect to the first variable. Thus Ix(f,  ¢) equals 

lim f f f + i ~  1 AT 
T-+c<) JN(F)\N(A) J G(F)\G(A) d -ic~ ~ ~ E(g, ps(x)(f)qoi, s) qoi 

×/~(n, qoi, s)O(n)OC (s3(g) )dsdgdn. 

It follows from equation (18) in [J] that for fixed T the above integral is absolutely 

convergent. In particular, we may change the order of integration. Denote by qo~ 

the function ps(x)(f)qoi. The distribution Ix(f, ¢) equals 

(29) lim ~ ~ l/d(e, qo,,s) T , s)OC(s3(g))dgds 
T-+o~ 47ri ,_ioo ~ (F)\a(A) A E(g, ~oi, 

where 

W(g, qo, s) = [ E(ng,~o,s)O-l(n)dn. 
JN (F)\N(A) 

We claim that (29) equals 

(30) 1 Ix,~(f, ¢)ds + 5(X)I~(f, ¢), 
47ri,-ioo 

where Ix,~ and I t are some distributions, 5(X) = 1 when X is trivial and 0 

otherwise; the integral in (30) is absolutely convergent. 
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Proof of the claim: The integral (29) has the form 

f 
+i~ 

lim H ( s, T )ds. 
r --+ o o  a - -  i o o  

In the notation of H(s, T), we implicitly have the dependence on f ,  ¢ and X. From 

the above discussion, H(s, T) is a meromorphic in s, and the above integral is 

absolutely convergent. To write the integral in the form of (30), we will separate 

H(s, T) into a sum of four functions, which we now describe. 

Let M(s,x) be the intertwining operator from V(X) to V(X-1); then when 

Res is large enough, ATE(g, ~, s) equals ([J-L]) 

[T(~/g, s)(1 - XT(H(~/g))) -- (M(s, X))~(~/g, --S)XT(H('yg))]. 
" f c T N ( F ) \ G ( F )  

The integration over g in (29) equals 

(31) f ~ (g ,  s)(1 - XT(H(g)))O~(sS(g))dg 
JT N ( F ) \ G ( A )  

- -  f M(s,x)~'i(g,-s)XT(H(g))O~(s3(g))dg • (32) 
JT N(F)\G(A) 

From [G-R-S], we see that 

From this identity and the Iwasawa decomposition, we get 

4~riH(s,T) = Hx(s,T) + H2(s,T) + H3(s,T) + Ha(s,T), 

where 

Hi(s, T) = ~ W(e, ~ ,  s) ]alS-l~(k)p¢(s3(dak))¢(O, O)dkdXa, 
~o, (A) 

H2(s, T) = ~ W(e, ~,, s) lalS-~'~(k) 
~ (A) 

x ~ /AP¢(s3(dak))¢(~,t)¢(~)dtdkd×a, 
~ E F  x 
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H3(s, T) = - E ITV(e, ~i, s) la[ -~-1 [M(s, X)~'i] (k) 
~i (A) 

× p¢(s3(d~k))¢(O, O)dkd×a, 

H4(s, T) = - E ITV(e, ~ai, s) lal - ~ - ~  [M(s, x )~] (k)  
~i (A) 

t 3 
X E /AP¢(s3(dak))~9(~'t)~2(~) dtdkd×a" 

~EF× 
First consider HI(S,T). Note by our notation, ~ ( k )  = p~(x)(f)~i(k). Thus 

H1 (s, T) equals 

T 

E ITV(e, Wi, s)ps(x)(f)wi *K ¢(0, O) [ la[-21a]S+l]a[2d×a 

where 

f 
(33) ~ *g ¢(x, y) = / T(k)p, (s 3 (k))¢(x, y)dk. 

JK (h) 

Consider the expression ~ *K ¢(0,0) with ~ = Ps(X)(f)~i. Make a change of 

variable k -+ dak in (33), where la] = 1; it equals 

K(A) Ps(X)(f)~i(d~k)p¢(s3(dak) )¢(O' O)dk 

=x(a) /K(A)  P~(X)(f)~i(k)pc(s3(k))¢(O' O)dk, 

which is x(a)p~(x)(f)~i *g ¢(0, 0). Thus Ps(X)(f)~i *g ¢(0,0) is nonzero only 
when X is trivial. Assume X -= 1, H1 (s, T) equals 

Ts+l 
w(e, ¢(0, 0) 

Similarly, H3(s, T) is nonzero only when X - 1, when it equals 

E ITV(e' ~i, s)-~-~_s[M(s, 1)p,(1)(f)~i] *g ¢(0, 0). 

Thus HI(S,T) + H3(s,T) is meromorphic in s, it equals 0 unless X - 1. When 

X - 1, let I~ (f, ¢) be 

lim Hi(s, T) + Ha(s, T))ds. 
T-+c<) a - i o o  
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It equals 

l +i~ 1 rT s+l 
lim ~ [-S~ps(ll(f)~i *K ¢(0,0) 

T ~ _ ~  47ri 

T 1-s 
+ 1 ~  (M(s, 1)ps(1)(f)~i) *K ¢(0, 0)] Vd(e, 99i, s)ds. 

Observe that when s is purely imaginary: the action of M(s, 1) on a function of 

irreducible K-type in V(1) is a scalar multiplication, and it is a unitary action. 

Use the functional equation of Eisenstein series, we see that the above integral 

equals 

f+i~ 1 T l+s 
lim ] ~-~--~sps(1)(f)~i*K¢(O,O)lTV(e,~i,s)ds. 

T-~o~ J _ ~  27ri 99~ 

Change s to - s ,  then shift the integration to a line Res = so > 1, and then take 

the limit; we get 

(34) I~(f, ¢) = ~ p- l (1) ( f )~ i  *K ¢(0, 0)l~(e, : i , - 1 ) .  

We now consider H4(s, T). Using the notation of (33), it equals 

fT :~ /A t3 -- ~ W(e ,~ i , s )  [a]-S+l~ [M(s,x)~'i]*K¢(a3~,at)¢(--~)dtd×a. 
~vi ~ E F  x 

For any N > 0, there is a constant c(s, ~J, ¢, N) such that 

[[M(s, x)~'~] *K ¢(a3~, at)l <_ c(s, ~', ¢, N)lat~l  -N. 

From this bound, it is easy to see that H4(s,T) is meromorphic in s and has 

an upper bound that is independent of T (if T > 1). On the imaginary line, 

H4(s,T) is holomorphic and rapidly decreasing; the integral f+:~ IHa(s,T)Ids 
converges, and is bounded by a constant independent of T. 

For the function H2(s,T), we separate the integration over a into two parts, 

one from 0 to a fixed To > 1, the other from To to T. Call these two parts 

H2,1(s, To) and H22(s, T, To) respectively. Similar to the argument for H4(s, T), 
we see H2,2(s, T, TO) is meromorphic in s, and the integral f+_i~ ~ [H2,2 (s, T, To)[ds 
converges and is bounded by a constant independent of T. Since H, H1, H3,H4 
and//2,2 are meromorphic in s, so is H2,1, and f+_:~ [H2,1(S, To)[ds converges, 

and is clearly bounded by a constant independent of T. 
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We conclude that H2(s,T) + H4(s,T) is meromorphic in s, and 

_+ioo [H2( s, T) + H4(s, T)lds 
ioo 

converges and is bounded by a constant independent of T. Thus 

f + i o o  f + i o o  
lim ] [H2(s,T) + H4(s,T)]ds = lim [H2(s,T) + H4(s,T)]ds 

T--+oo J - i o o  ~ - i o o  T--+oo 

where the integration is absolutely convergent. Let 

Ix,s(f,¢ ) = lim [H2(s,T) + H4(s,T)]. 
Y .-+ oo 

We then get identity (30) and our claim. | 

We note when X is nontrivial, 

(35) Ix,s(f,¢ ) = 47ri lim H(s,T). 
T ~ o o  

We have now obtained the spectral decomposition for I(f ,  ¢). 

PROPOSITION 3: With the above notations, for f e C~(G(A))  

r+ioo 1 I 
(36) I ( f , C ) = ~ I ~ ( f , C ) + ~ J _ i  ~ 4-~is,x(f ,C)ds+I;(f ,¢).  

~v X 

The sum of 7r is over ali cuspidal representations; the sum of X is over a11 idele 
class characters. The sum and integral in (36) are absolutely convergent. 

Prook When f is K-finite, the above argument gives (36). The statement on 
absolute convergence follows from the absolute convergence of (25), (30), the 

equation (35) and the bound [J](18). For an arbitrary f e C~(G(A)) ,  take a 

sequence of K-finite functions {fn} that approaches f .  Define I , ( f ,  ¢), Ix, ,( f  , ¢) 

and I~(f, ¢) as limits of I~(f,~, ¢), Ix,8(fn , ¢) and I~(fn, ¢). From the estimates 

in [A] and (24), and the dominance convergence theorem, the limits exist and 

the sums and integrals in (36) are again absolutely convergent. | 

(3.3) We consider here the distribution 

(37) J(f ' )  = f K l , ( n i  1, n2)0'(~,1 • ~,2)d~,ldn2 
(F)\~(A))= 

for f' E C~(G'(A)) an anti-genuine function. The situation here is simpler. As 

in (3.2) 
K r ( x , y )  = + 

7r X 
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where 7r is ei ther  a cuspidal representat ion or lies in the residue spec t rum,  and X 

is the  restr ict ion of an idele class character  onto A x3 -- {a31 a C A x }. Also 

f 
+ic¢ 

K×,/, (x, y) = Kx,8,f, (x, y)ds. 
- i o Q  

Define J~, ( f ' )  and Jx',s(f') by replacing Kf, with the corresponding K,r,,/, (x, y) 

or Kx,,s J ,  (x, y) in the  expression (37). Using the es t imates  in [A], we see tha t  

+ioo 

Jx:( f ' )ds .  J(f') = E J"(f') + E,,_,~ 
"trt X 

The  sum and integral  converge absolutely. We remark  tha t  J , ,  ( f ' )  is a nontr ivial  

d is t r ibut ion iff 7r r has a nontr ivial  Whi t t aker  model.  

T h e  integral  (37) is known as a Kutznie tsov trace.  The  unwinding of J( f ' )  is 

well known. Let  

w-=  1 

Recall t ha t  an element  g in G(F) is identified with (g, 1) in G(A) .  To unwind 

(37), we s tudy  the orbit  of N x N on the group G by the act ion 

(g, :}:1) --> ~( t l ) - l (g , - i -1) f i ( t2) ,  (n( t l ) ,  rt(t2)) e /~ x N.  

An orbi t  for g E G(F) is called r e l e v a n t  if for any (5 ( t l ) , 5 ( t2 ) )  E -~ × N ( A )  

t ha t  fixes g, we have ¢ ( t l  - t2) = 1. Since the cocycle ~(g, n(t)) = 1 for all 

t and g, the relevant  orbits  are the same as these in the linear case t rea ted  in 

[J-Y]. Thus  the representat ives  for relevant orbits  are given by + 1 and wda with 

a E F × . When  f~ = ®f~, similar to Proposi t ion 2, we have 

(38) J(f') = E H Jv(a,:,f~)+ I'I J+(f~) + H Jf(f~) 
a E F  x 

where 

(39) 

and 

(40) J~( f ' )  - - / 9  f'v(+~)O'(~)d~. 
(r,) 

If n = n(t), we fix the  measure  d~ to be dt. 

Jr(a, ./:1) = f(~(F~))~ f'~(~h " (v . da " ~2)O' (~1~2)d~ld~2 
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4. L o c a l  i n t e g r a l s  

Fix a local field Fv; we study the space of functions on FX: ], = {Iv(a, fv * Cv)) 

and Jv -- {Jr(a, f~)}. We will drop the reference to the local place v. We will 

show a matching between these two spaces of functions. 

Let f ,  ¢, f '  be functions as in the previous paragraphs. We say the pair of 

functions (f ,  ¢) matches the function ff if 

(41) I(-a,  f * ¢) = [VC3[ -1 [a]d(a, f ') 

and I±( f  * ¢) = J i ( f ' ) .  The main result of this section is: 

THEOREM 1: Given f', there is a matching pair ( f ,¢ ) .  When F is a non- 
archimedean field, the converse holds. 

(4.1) Let f and ¢ be smooth functions of compact support on G(F) and F2; 

then f * ¢ is a smooth function of compact support on F 2. Conversely, given ¢, 

there exists f and ¢'  with ¢ = f * ¢'. Thus/* is the space of functions {I(a, ¢)}. 

Given ¢, define 

(42) 

(43) 

H0(¢)(a) = a, z dz, 

Z 2 
H i ( ¢ ) ( a )  -- /¢ (a , z )~b( - t -a )dZ .  

Write U~(b) for the set {xIIx - bl < e} and f~ for the image of F \ { + I }  under 

the map  z --+ z 3 - 3z. Let e > 0 be sufficiently small so that  there is a smooth 

injective map ~ : z --+ t from U~(0) to F with 3z 2 = 3t 2 + t a. The space ] can be 

described by the following: 

PROPOSITION 4: Given ¢, there exist smooth functions ¢' and ¢±, where ¢~ is 
supported on F x f~ and ¢± are supported on F x U~(O), such that I+(¢)  = 

¢±(0, O) and 

(44) I ( -a ,  ¢) = ]ffL-3l-l[Ho(¢')(a)+¢(2/a)H+(¢+)(a)+¢(-2/a)H-(¢-)(a)]. 

Conversely, given ¢' ,  ¢+ as above, there is a ¢ satisfying the above equations. 

Proof." Choose e' > 0 such that  6-1(U~,(0)) C UlvC-~l-~e(0 ). By partition 

of unity, we may write ¢ as a sum of @, i = - 1 , 0 , 1 ,  where ¢0 is supported 

on F x F \ { + I }  and ¢±1 are supported on F x Ue(4-1) resp. Then I± (¢ )  -- 

¢~1 (0, 4-1). 

Recall 

(45) I(a, ¢o) : / ¢o(a,t)~(t-~a 3t)dt. 
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Over the suppor t  ~0 of ¢0 in variable t, there is no critical point of the polynomial  

t 3 - 3t. Thus  ~t 0 can be covered by a finite union of open sets U~b(b); over each 

set the map t --+ t 3 - 3t has a smooth  inverse map. Write ¢0 = ~ b  Cb, where 

Cb is suppor ted  on F × U~. For each Cb, after a change of variable z = t 3 - 3t, 

I(-a, Cb) is of the form 

t Z S 
for some smooth  function ¢~ of compact  support  on F x f~. Let ¢ '  = E b  Iv/-:-51¢~; 

then I(a, ¢0) = I , / ~ l - l H ( C ' ) ( a )  - 
Now we consider I ( a ,¢1 ) .  Write t = t '  + 1 in (45); we get 

I(a~ ¢1) = /u  ¢1 (a, t '  q- 1)~ ( - 2 a ) ~ [ ,  -"t"a+3t'2 )dt'. 
• < ( 0 )  a 

From the assumpt ion on e and d, there is a smooth  map t ~ --+ z from U~,(0) to 

UI, / :~I_~(0),  such tha t  3z 2 = 3t t2 + t '3. Clearly dz/dt' = 1 at z = 0. Therefore 

the above integral is of the form 

J ¢,l(a,z)~(_ 2" 13z2" 

for some smooth  function ¢~ supported on F x U / ~ ( 0 ) .  Moreover, 

¢ i (0 ,0 )  = ¢1(0, 1). Make a change of variable z --+ z/v/Z--3 and let ¢ + ( a , z )  = 

¢ i ( - a ,  z/x/-23); then ¢+(a ,  z) is supported on F x U~(0) with 

I(-a, ¢1) = IxflL--31-1~P(2/a)H+(¢+)(a) 

and I + ( ¢ )  = ¢ , (0 ,1 )  = ¢+(0,0) .  

Similarly, we can show that  there is a ¢ -  with I - ( ¢ )  = ¢ - ( 0 ,  0) and I(-a, ¢ - 1 )  

= Ix/-L31-1~b(-2/a)H-(¢-)(a). 
With  our choice of ¢~, ¢+,  the identities in the proposit ion are satisfied. Tracing 

the above a rgument  backwards,  we get the converse. | 

(4.2) For f '  E C~°(d(F)), define 

• y-1 
a y ],e(y)))~b(x)dx, 

where e(y) -- (y, a) if v(a) does not divide 3 and ]3] = 1; it is 1 otherwise• Given 

i f ,  ~ ( a , y )  is a smooth  function of compact  support  on F x F ×. W h e n  a is 

sufficiently close to 0, the support  of ~ as a function of y lies in F × . Conversely, 
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for any such (I), there exists an antigenuine f '  such that (I)(a, y) is obtained as 

above. One may verify that  

(46) J(a' f ' )  = / ~(a'Y)ga(Y +-Y- -1) 

and J+(f') = (I)(0, 4-1). Let f~' be the image of F × \ { + I }  under the map z -+ 

z + z -1. As in Proposition 4, one can find a sufficiently small e > 0 such that  

the following holds: 

PROPOSITION 5: Given f', there exist smooth functions ¢b' and ¢P+, where ~' 
are supported on F × f~' and ~± is supported on F x U~(O), such that J±(f ' )  = 
• + (0, O) and 

(47) J(a, f ')  = lal-l[Ho(~')(a) + g'(2/a)H+({O+)(a) + ¢( -2 /a)H-(~-) (a) l .  

Conversely, given {D', ~ + as above, there is a f '  satis~ing the above equations. 

Proof'. Given (I)', ep±, we construct f ' .  Using the argument in the proof of 

Proposition 4 to equation (46), we can find a function f l  with J+  (f l)  = (I)±(0, 0) 

and J(a, fl) equals the right-hand side of (47) when a is sufficiently close 0. Let 

h(a) be the difference between the right-hand side of (47) and J(a, fl). Then 

h(a) is a smooth function with compact support in F x. Let 

• = ¢ (  Y 
a 

where C(y) is the characteristic function of a set on F x with measure 1. Let f2 be 

an antigenuine function corresponding to (I)(a, y) as above. Then J(a, f2) = h(a) 
and J±(f2) = O. Let f '  = f l  + f2, that  is, the function we need. 

The converse follows similarly. | 

(4.3) Proof of the Theorem: From the remark in the beginning (4.1), we need 

only prove the matching between functions ¢ and f '  instead of between (f ,  ¢) 

and f ' .  
Start  with f ' ;  there correspond functions (I)', (I) '± as in Proposition 5. When 

the field is archimedean, ~ -- C and f~' = C\{4-2}. From Proposition 4, to 

these functions, there is a function ¢ satisfying the identities in the proposition 

with ¢', ¢+ being replaced by ~' ,  ~'+. Compare the equalities (44) and (47); 

one sees immediately that  I ( - a , ¢ )  = Ix/~-31-11alJ(a, f ' ) .  The other identity 

I+(¢)  --- J+  ( f ' )  also follows. 

When the field is nonarchimedean, one can show that  H0((D')(a) is a smooth 

function on F × which equals 0 when a is close to 0; thus it ig compactly supported 
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on F x. It is then possible to find a ¢' compactly supported on F x x fl with 

H0(¢') = H0(O'). For example, let 

¢'(a, z) = ¢(-z/a)Ho(,I/)(a)C(z) 

where C(z) is the characteristic function of a subset in ~ with measure 1. The 

above proof works again. Similarly, start with a ¢; one can find a f '  matching 
¢. | 

5. Loca l  in tegra l :  u n r a m i f i e d  case 

In this section, we keep the notations and assumptions in §2. In particular we 

assume 131 = 1. In addition, assume ~b is of order 0. Let ¢0 be the characteristic 

function of the lattice R 2. We prove that if f and ff  are matching Hecke functions 

under Proposition 1, then the pair (f, ¢0) match the function ff  in the sense of 

(41). 

(5.1) Let 4Pi(x) he the characteristic function of the set I xl -- qi. Define 

(48) I,~(a) = f ~(  t s -  3t)dt 
Jltl<q,~ a " 

LEMMA 1: Whenm O, I(a, fo*¢o) o = = Y]i=-~ ~i(a)Io(a). When m > O, 

2 
(49) I(a, fm* ¢o) : E Oam-i(a)Im(a). 

i=0 

Proof: We first determine fm * ¢0. As ¢0 is fixed under the action of pc (Sp2 (R)) 
and s3(k) E Sp2(R) for k E K,  we see that 

P ¢ ( S 3 ( k ) ) ¢ 0  ---- 00,  k C K. 

If m = 0, then fo * ¢o = ¢o by (16) and the lemma follows. Now assume m > 0. 

Using the decomposition of Kd~,,K in (8), we get 

f m *  ¢0 = _f fm(a-1)p¢(sS(g) )¢odg 

---- ~ hi 
i=--m 

with 



114 

(50) h (x,y) 

(51) h_m(x,y) 
(52) h~(x,y) 

for - m  < i < m. 

Z. MAO AND S. RALLIS 

= E P¢(s3(n(z)d~m))¢°(x'Y)' 
zER/P 2,n 

= p,(s3(d~-.~))¢o(x,y), 
= E P*(S3(n(wi-mz)dw'))¢°(x'Y)' 

zE R x/pm+i 

Isr. J. Math .  

*(t-~a 3t)hi(a , t)= p¢(s3(n(t/a) ) )hi(a, 0 ) * ( -  3--ta ). 

Thus  for - m  < i < m -  1, 

I(a, hi) = 

(54)  ~z[=lqm+ip O (83 (n (~ ~-~ui--mZ)dwl))¢o(a,O)~) ( - 3--~a)d~dz. 

Make a change of var iable  t -+ t - wi-maz, 

I(a, hi) = 

(55) ~ l = l q m + i p ¢ ( s a ( n ( t )  dw,))¢o(a,O)~b(_3ta)¢(_wi_mz)dtdz. 

From the  above  expression for f m *  ¢0, one has 

m 

(53) I(a, fm * ¢0) = ~ I(a, hi). 
i:-- rrt 

We cla im I(a, hi) - 0 when i < m - 1. 

F rom the  defini t ion,  h-m(a, t) = q2m¢o(aVz--3m, tw--m);  the  in tegral  I(a, h_,~) 
is 

q2m [ ¢ ~ dt 
Jltl~_q -'~ 

when la] _~ q-am and 0 otherwise.  Let  T = t s - 3t. The  above in tegra l  becomes 

q:m ~Tl<_q_m ¢(T/a)dT, 

which is a p p a r e n t l y  0. 

For i > - m ,  one may  wri te  hi(x,y) as an integral:  

qm+i / p¢(sa(n(wi-mz)d~,))¢o(X, y)dz, 

where  the  in tegral  is over Izl = 1 if i < m and Iz] < 1 if i = m. Observe  t h a t  
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The  integrat ion over z is 0 as i < m - 1. We have proved our claim. 

Now consider the integrals I(a, hm-1)  and I(a, hm). Equat ion  (54) holds in 

the case i = m - 1. In tegra t ing  over z in (55): 

[(a, hm-l) = -  /q2m--2p¢ (.53 (n ( t ) d w  .... ) )  ¢o(a, 0)@(-3~ta)dt 

f / t  3 - 3t\ =-- ~ -~- )¢o(awam-3 , twm-1)d t  

3m--3 
= 

j~--oo 

When  i = m,  equat ion (54) holds if we replace the domain  of integrat ion by 

Iz[ _< 1. Proceed as above; one gets 

t 3 - 3t I(a, hm) = I ~b(-~--)¢o(avjZm,twm)d' 

3 rr t 

= E ~j(a)Im(a). 
j ~ - o o  

As I(a, fm* ¢) = I(a, hm-1) + I(a, hm), to prove the lemma,  we only need to 

show tha t  when [a] < q 3 m - 3  Im_l(a) = Im(a), i.e. 

(56) f t  ¢(t3 - 3t~dt = O. 
]=qm \ a / 

The  set [t[ -- q'~ is a disjoint union of cosets of p -v (a )+2m-1 .  For each of these 

cosets with a representa t ive  to, with ]to] = q'~, the contr ibut ion to I(a, fro, ¢o) is 

Since 
¢ (  3t°v2 +-v3- = 1  

over the  domain  and ]3t~/a I = lal-lq 2'~, the above integrat ion equals 0. We have 

proved equat ion (56), thus the lemma.  II 

(5.2) We s tudy  the integrals Im(a) when m > 0 and [a[ = q3m q3,~--1 or q3m-2. 

If Ix[ ---- q - 1  X is a nontr ivial  cubic character  on F × ;  let G(x, X) be the Gaussian 

sum 
~y[=l  ~(x-ly)x(y)dy" 



116 Z. MAO AND S. RALLIS Isr. J. M a t h  

as 

W h e n  [a[ = q3m, the integrand in (48) is 1, thus Ira(a) = qm. 
W h e n  lal = q3m-1 or q3m-2, 

veR/P --q --~ )GU 

-'~ ~_~ fu<m_l~)(V3"Uiy-3rn-t-3V2"l:u-2mU)du 

vER/P --q a 

¢ ( 3VW-aU2 + U3 ) ----1 

over the  domain.  W h e n  ]a] = q3m-2, the integrat ion over u is nonzero only when 

v = 0, thus 

Ira(a) = ] du = qm-1. 
Jl" [<_q.~-I 

W h e n  lal = q3m-1, we have 

/ 3V2ViT-2mu \ 

¢1 ; )=1 
over the  domain .  Thus  

Ira(a) =qm-1 

 (3m) 
vER/P i=O 

where X(V) is any nontr ivial  cubic character  on R ×/P and X(0) = 0. Clearly in 

the  above sum, the  pa r t  i = 0 contr ibutes  0. Use the Gauss ian  sum notat ion;  

Ira(a) = qm( G(aw3m, X) + G( aw3m, X2)) • 

In  conclusion, f rom L e m m a  1 we get 

PrtOPOSITION 6: When m > O, I(a, fm* ¢0) equals 

(57) qm(I)3m(g) + qm(G(aw3m, X) + G( aw3"~, X2))~23m--l(a) -F qm--l~3m--2(a). 

(5.3)  W h e n  m = 0, f rom L e m m a  1, I(a, fo * ¢0) = Io(a) when la I < 1 and 0 

otherwise.  We now compute  Io(a) when lal < 1. 

W h e n  ]al = 1, Io(a) = 1. 
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When [a[ = q - l ,  one can write Io(a) in the following form: 

(58) / 0 ( a ) =  E q - 1 ¢ ( v 3 - 3 v )  " a  

vcR/P 

When la[ = q-2t with l > 0 or  q - 2 / + l  with l > 1, we separate the set It[ < 1 

into pt cosets S(to) with representatives to. One can show that only the cosets 

S(to) with 13t02 - 31 < [a[q t give nonzero contributions to Io(a). When [a[ = q-2t, 
there are only two cosets S(+I) ;  then 

(59) 

When lal 

thus 

Io (a )=q- t  [ ¢ ( - 2 )  

(60) 

(5.4) 

Io(a) = q-t[¢(2/a) + ¢ ( -2 / a ) ] .  

= q-2l+l the cosets are of the form S ( + I  + vw t-l)  with v E R /P;  

v~R/P vER/P 

For f~n a function defined in §2.3, define 

(61) Jm(a) = / f~(f~(x) . ~ . (d~, 1))~b(x)dx. 

This is the contribution to the integral (39) from the set with n2 E N N K. One 

may verify that  

(62) J(a, fm) = Jm(a) + f Jm(ay)~b(y+a-2y-1)(a,y)dy. 
Jly I>1 

We first determine Jm (a). 

LEMMA 2: When m = O, Jo(a) = ~0(a). When m > O, 

Jm(a) = ~3m(a) + q~23m-l(a)G(aw 3m, Xa), 

where X~(x) = (x, a) is a nontrivial cubic character on F × . 

Proof: The assertion on Jo(a) is clear. Assume m > O. Over the support of f~ ,  

in the integral for Jm(a), we have either of the three cases: 

(1) lal = q3m and I~1 - 1. 
(2)  lal = q-3m and lxl < q6m. 
(3) lal = q' with - 3 r a  < i < 3m and Ixl = qam-i. 
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The  integral over x will be 0 unless we are in case (3) with lal = q3m-1 o r  in 

case (1). Thus  when lal = q3m, Jm(a) = 1. When  lal = qam-1 

Jm(a)= f~l=qf ~ ( [  a: -a-1 1,1)~b(x)d x 

= fflxl=q ¢(X)(x, a)dx. 

Make a change of variable x --+ xa-lw-3m; as (a, a) =-- 1, we get 

Jm(a) = qG(aw 3m, Xa). 

This  proves the  l emma  when m > 0. | 

(5.5) Let  Ga = G(aw 3m, Xa) when ]a I = q3,~-1 and 1 otherwise. Define 

(63) KJl(a) = f ~l(ay)Gay¢(y + a-2y-1)(a, y)dy Jly I>1 

for 1 > 0 of the form 3m, 3m - 1. From L e m m a  2, J(a, f~) = ¢2o(a) + KJo(a) 
and, when m > 0, 

(64) J(a, f ' )  = ¢P3,~(a) + q(P3m-l(a)G(aw 3m, Xa) h- I(J3m(a) + qKJ3m-l(a). 

We compute  KJl(a) for l > 1. Make a change of variable y -4 a-ly in (63): 

i GY~(Y+-Y--1) (a'y)lal-ldy" (65) K Jr(a) = '=,y,>la] a 

Let z = y + y - 1 ;  then when l > 1, over the domain  of (65), Gz = G~ and 

(a, y) = (a, z); the integral becomes 

z 

(66) '=lzl>l~t G z ¢ ( a ) ( a '  z)]al-ldz" 

Therefore  when I = 3m > 0, 

= i  ¢(Z)(a'z)'a'-ldz" KJ3m(a) 3'~=lzl>lal 

This  integral  is nonzero only when lal = ql-1; as (a, z) = (z, a) 2, wi th  the above 

notat ions ,  

(67) K J3m(a) = q¢23m-l (a)G(aw 3m, X~). 
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When  1 = 3m - 1, the integral (66) equals 

/i L 
Change v ~ vzwSm/a:  

L 
For the integration over z to be nonzero, lal must be qa~-2;  

Jlvl=lzl=q am a 

which equals ~3m-2(a). 
In conclusion, 

PROPOSITION 7: When m > O, J(a, f ~ )  equals 

(6s) ~3m(a)+ q~3m-l(a)C,(a~ 3"~ , ~a)+ q~3m-:(~)G(a~ 3~, X2a) + q ~ - 2 ( a ) .  

(5.6) Compar ing  Proposi t ion 6 and Proposi t ion 7, we get 

THEOREM 2: When m > O, the function q-2mf~ m matches the pair (fro, ¢0). 

Proof: As we can certainly take X to be X-~ in Proposi t ion 6, we get the equality 

I(a, fm * ¢0) = la]J(-a, q-2mf~) .  

The equalities between I ± ( f m  * ¢o) and j i(q-2"~ftm) hold, as in fact they all 

equal 0. | 

(5.7) We now prove the corresponding result in the case when m = 0. 

THEOREM 3: The function f~ matches the pair (fo, ¢o). 

Proo~ One verifies tha t  I i ( f o  * ¢0) = I+ (¢0)  = 1 and J±(f~)  = 1. We now 

show the identity 

(69) I(a, fo * ¢0) = J ( - a ,  f~). 

Recall J(a, f~) = ~o(a) + KJo(a),  with 
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Compare with (5.3); the identity (69) holds when ]a I _> 1. When lat < 1, it will 

follow from 

(70) Io(a) = ]algJo(-a) .  

When ]a I = q- l ,  

(71) K J o ( a ) =  y ~  ¢ ( x + x - 1 )  

x E R x  / p  

where X(x) = (a, x) is a nontrivial cubic character on R x / P .  The identity (70) 

follows from the formula in [D-I] which compares (58) and (71). 

When lal -- q-2Z with l > 0 or q-21+l with l > 1, we separate the set [Yl = 1 

into pl cosets S(yo) with representatives Y0. One can show that  only the cosets 

S(yo) with lY~ - 11 -< lalq I give nonzero contributions to J~. When lal -- q-2l, 

there are only two such cosets S(+I);  then 

(72) g J o  (a) = q-lie I- 1[¢(2/a) + ¢( -2 /a ) ] .  

When lal = q-2t+l, the cosets are of the form S(+I  + v w  ~-1 with v E R / P ;  

thus 

KJo(a) = 

v e R / P  \V2~1- -2  v e R / P  " 

Compare the expressions (72),(73) with (59),(60); in either case, (70) holds as 

- 3  is a square. II 

6. T h e  c o m p a r i s o n  

(6.1) Back to the global situation. From the local results in Theorems 1, 2 and 

3, we get 

THEOREM 4: Let f = ®f~,¢ ---- ®¢~ and f '  = ®f" be functions smooth of 

compact support ( f '  being antigenuine). I f  for any v, (fv, ¢~) and f"  match, 

then 

(74) l(f, ¢) = J(f'). 

For any f '  as above there exists ( f  , ¢) that matches f '  over all places. Moreover, 

at almost all finite places v, f" E H; is a spherical function, one can choose Cv 
to be the characteristic function of R 2, and f ,  to be the image of f~ under the 

isomorphism of Hecke algebras H i --~ H, .  
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Proof" The first assertion follows from equations (17) and (38), the matching 

condition and the fact that 1--[ lair = 1 when a 6 F x . 

Given f '  = ®f~', at each place v, we can choose (fv, Cv) so that  it matches 

fv'- At almost all finite places v, f'~ = fo,v, and by Theorem 3, we may let 
f ,  and ¢,  be the characteristic functions of K ,  and R~, respectively. Then 

(f = ®fv, ¢ = ®¢v) matches f '  at all places. 

The last assertion follows from Theorems 2 and 3. | 

In §3, we decompose the distributions I(f, ¢) and J(f') into a sum of discrete 
parts and continuous parts. From a standard argument ([La] §11), it follows from 

Theorem 4 that  when (f, ¢) and f '  match, then the continuous part of I(f, ¢) 

and J(f') are equal, i.e. 

(75) ~ I=(f, ¢) + In(f, ¢) = E "/=' ( f ' ) '  
¢r 7r S 

/ + Z  1 / + ~  
(76) E 47ri Is,x(f, ¢)ds = ~ gs,x(f')as. 

X X 

We will exploit equation (75). 

(6.2) Let S be a finite set of places containing all archimedean places and places 

where 131 < 1. For any v ¢ S, let or. (1" I s~)be p, (1" I s") (§2)if s ,  # -4-1, and be the 

unique unramified quotient of P.(I" I) when s, = +1. For each set of {s~lv • S}, 
we define an L-packet H({sv)) of cuspidal representations on G(A): 

= = m, ( I .  Fo) ,v  ,t s} .  

We say an L-packet II is O-distinguished if there exists 7r c H, f E 7r such that, 
for some ¢, 

(77) P(¢,  f) = f O~(sZ(g))f(g)dg # O. 
JG (F)\@n) 

Meanwhile, let 7r'~( I - I ~') be/)(1' I ~v) if s~ # +½, and be the unique unramified 
1 quotient of /5 , ( I .  11/3) when s~ = -4-~ (JAr]). Define an L-packet H'({s,}) of 

genuine cuspidal representations on G(A): 

{ T r  / / / / = -- m, ( I .  F ° ) , v  ¢ s } .  

We say the packet H' is gener ic  if there is a cuspidal representation in the packet 

which has a Whittaker model with respect to ¢. 

We say II' is CAP if s .  = + ½ for all v ~ S. We expect that there is no II' that 

is CAP. Assume this is the case, for any set S as above: 
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THEOREM 5: There is a bijection between generic L-packets on G(A) and O- 
distinguished L-packets on G(A). The bijection is given by n'({s .})  e+ rI({ns.}). 

It is shown in [G-R-S] that if the L-packet II({3s.}) is O-distinguished, then 

H'({s.}) is nonempty. We now give a proof of the converse using the identity 

(75). 

Proof: Denote by H 's and H s the product of Hecke algebras H'v and H.  for 

v ~ S. Let f~ = ®f:~ be an antigenuine function chosen as follows: If f ,s  is 

the tensor product of the functions f£ for v not in S, then f ,s  is an element of 

H's; if v E S, let f~ be the convolution of an antigenuine function h~(g) with 

h.(g-~).  Given f ' ,  let f )  be the product of fv' if v E S, and f[~,, if v ~ S. Then 
K~,,f,(x,y) - 0 unless 7r' E II'({sv}) for some set {SvlV ~ S}, in which case 

where 

K.,,f,(x,y) = f'SA(Trl)K~,,fs(X,y), 

flS __~ fISA( ~) = H ffA(sv) 
yeS 

is the character of the Hecke algebra H 's corresponding to II'({sv}). Thus 

(78) E J~'(f') = E E f'SA(Tr')g"(f's) + ,lre.(f'), 
~' {sv} ~'EH'({8.}) 

where gres(f') is the contribution to J(f ')  from the residue spectrum of G(A). 
It follows from the theory of Eisenstein series that there is one representation 
lying in the residue spectrum; its local components at finite places are ~r~.(I - 11/3) 

[K-P]. Thus 
f .(1/3)Jre~(f's). = H ,A 1 

yes 

When v ¢~ S, let ¢. be the characteristic function of R 2 and f~ be the image of 

f~ under the isomorphism between Hecke algebras Hv and H~. For v E S, pick 

(fv, ¢~) that  matches f~. Let ¢ = ®¢v and f = @fv. Then similar to expression 

(78), we have 

E I ' ( f '  ¢) + I~'(/' ¢) = E E ISA(Tr)I"(fs'¢) 
,. (~v} ..en({~.}) 

(79) 
f .  ( ) l (fs,@), + H A 1 I" 

yes 

where f s  is the product of f0,., v ¢ S and f . ,  v E S; and 

i s  __+ fSA(Tr) = H fA(sv) 
vffS 
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is the character of the Hecke algebra H s. With the isomorphism in Proposition 

1, 
f , s  __+ f s  __+ fSA(rr) 

is the character of the Hecke algebra H 's. Thus both sides of equation (75) can be 

expressed as infinite sums of characters of H 's. With the linear independence of 

characters, as f~(s)  , i  = f v ( s / a ) ,  we get for each {Sv} (except  w h e n  s~ - 1, ~ ¢ S, 

the CAP case) 

(80) ~ I~(fs,¢) : ~ a~'(f's). 
rCIl({s.}) rr'GII'((s~/3}) 

As f )  is a convolution of a function h(g) with h(g-1), the function K,, , f ,  s has 

the form 

Then 

'],~'(f's) = ~ /~(F)\~(A)rc'(h):i(n)O'(n) d~ 2. 

In particular, J~,(f~) is a positive number or 0. If the L-packet I]({sv/3}) is 

nonempty and generic, then one can choose a f '  with J~, (f~) nonzero for one rr' 

in the packet. The sum on the right-hand side of (80) is then nonzero; there exists 

at least one rr in the L-packet II({sv}) with I~(fs ,  ¢) ~ 0. From the expression 

for I,~(f, ¢) in (28), we see that 7: is O-distinguished. | 
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